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ADVERTISEMENT. 



The first edition of this work wan intended chiefly as a Text-Book for the use 
of the students in the Belfast Institxttion, when the Author was Professor 
of Mathematics in that establishment; and it was therefore written, not as a 
regular and complete treatise on Trigonometry, but as an outline to be filled up, 
and illustrated orally in the Lectures. It was received, however, by other 
readers in a more favourable manner than the Author could have anticipated 
irom its nature and form ; and, in consequence of this, he has been induced, 
in the subsequent editions, to make various alterations, and, it is hoped, im- 
provements. The investigations, though still concise, are given at such length 
as to be easily understood by readers of ordinary talentis and attainments ; 
and various interesting additions are introduced, some from the best recent 
works on the subject, and others that have occurred to the Author himself. 
Of the latter kind are the improvements fn the numerical resolution of tri- 
angles, established in Nos. 5Y, 58, 73, and 74, and exemplified in Nos. 62, 63, 
and 1 10 ; which, with the modes of operation previously known, seem to render 
the subject as simple and easy as can be desired. In the present edition, also, 
a scholium of considerable interest will be found at the end of the third section : 
and the last four pages of the ninth section contain some curious propositions 
in Spherical Geometry, most of which the Author believes to be new. 

It has been everywhere the aim of the Author, to comprise in a small com- 
pass much usefiil and interesting matter; and, whatever may be the imper- 
fections of the work, he trusts that the person who shall make himself well 
acquainted with what it contains, will find it easy to acquire a knowledge of 
all that is yet known in Trigonometry, and to ai^ly it in Astronomy, and 
other branches of science. 

In the present edition, the sines, tangents, &c. are defined as mere num- 
bers or ratios. This mode of representing them has been in use for some 
time in the University of Cambridge; and it is attended with considerable 
advantage, particularly in the application of Trigonometry in Natural Phi- 
losophy. Should any persons prefer the common mode, they may have 
recourse to the Note at the end of the volume. 

Glasgow CoUege^ Jufy^ 1844. 
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ELEMENTS OF TRIGONOMETRY.* 



I.— GENERAL PRINCIPLES. 

1. Each of the four parts into which a circle is divided by two dia- 
meters intersecting each other at right angles, is called a qutadranti 
If one of the four right angles be divided into 90 equal parts by radii 
of the circle, each of the parts is called a degree. The parts into 
which these radii divide the arc of the quadrant are (Euc. III. 27) 
all equal, and they are therefore called degrees of the circle. A 
sixtieth part of a degree is called a minute; and a sixtieth of a minute, 
a second.^ Degrees, minutes, and seconds are denoted by the charac- 
ters, \ ', ", 

2. It is proved by writers on geometry, that the circumferences of 
different circles are proportional to their radii ; and that, in the same 
circle, angles at the centre are proportional to the arcs on which they 
stand. Hence, if from the vertex of any angle A (Jig, 1) as centre^ 
two circumferences BOD and B^C'IV, be described, cutting one of 
the lines forming the angle in B and B^ and the other in C and C'/ 
the ratio of the arc, BC, to its radius, AB, is equal to that of the 
other arc B'C to its radius AB^ This readily follows from the prin- 
ciples stated above : for, since, by No. 1, and Euc. I. 13, cor., all the 
angles about A amount to 360^, we have, by the second of those 
principles, * 

BC A , B'C A ^ BC B'C 



BCD"" 3601' B'C'D' 360o' "— "^ BCD*^ B'C F 



* Trigoxometrt, in its primitiye meaning, is that branch of mathematical 
science, which determines certain sides or angles of a triangle from others that 
are known. It is of two kinds. Plane and Spherical: the former treating of 
triangles described on a plane ; and the latter, of those on the sm*face of a 
sphere. The principles of trigonometry, however, are now of far more gene- 
ral application, furnishing means of investigation in almost every branch of 
mathematics. 

f In some modem French works on mathematics, the centesimal division is 
adopted instead of the sexagesimal ; the right angle, and consequently the qua- 
drant, being divided into 100 degrees ; the degree, into 100 mmutes ; and the 
minute, into 100 seconds. This division, however, is likely to fall into disuse. 

A 



J DEFINITIONS AND ILLUSTRATIONS. 

BCD BV'Jy 
Also, by the first principle, we have "rg"=~XBr* 

Multiply the members of this equation by those of the preceding, and 

there will be obtained — --z= — =r-» which is the property above stated. 

AB AB' r r J 

Hence, if we assume any radius, and call it r, and if we denote the 
corresponding arc by «, - will be always the same for the same angle, 

whatever may be the magnitude of r ; and since s, and consequently, 
■^ , is proportional to the angle, whatever may be its magnitude, - 

T T 

will be a correct measure of any angle whatever.* 

3. If an angle be taken from a right angle, or an arc from a qua- 
drant, the remainder is called the complement of that arc or angle. 
From this it follows, that if an angle or arc exceed 90^, its comple- 
ment is negative. 

4. If an angle be taken froni two right angles, or an arc from a 
semicircle, the remainder is called the supplement of the angle or arc. 

5. The straight line joining the extremities of an arc, is called its 
chord, 

6. If from the vertex of any angle A (Jig, 2, 4, 5, or 6) a circle 
be described with any radius, cutting the lines forming the angle in 
two points, B and C, and through one of these points C, a straight 
line be drawn perpendicular to the other line AB, and cutting it in 
D; the ratio of the perpendicular CD to the radius AC, that is, the 
number obtained by dividing the perpendicular by the radius, is called 
the sine of the angle A ; and if DB be divided by the radius, the 
quotient is called the versed sine of the same angle. These, for 
the sake of abbreviation, are written sin A, and versin A, or vs A. 
Hence, calling the radius r, and multiplying by it, we get CD = 
r sin A. The sine of an arc is evidently the ratio of h^lf the chord of 
its double to the radius. 



* Hence, Us and r be equal, the angle becomes 1; and we thus see, that in 
this mode of measuring angles, the angle which is the unit, is that which has 
"^e circular arc on which it stands eqSal to the radius of the circle. Now, 
this angle is 57° IT 44"*8, or 206264"-8, nearly; as is found by the following 
analogy: 3-14169266 : 1 : : 180° : 67° I7'44"-8; the semicu-cumference of the 
circle whose radius is 1, being 3-14169266. (See the Author's Differential and 
lat^al Calculus, page 41.) Hence, if the radius of a circular sector were 
12 inches, and its arc 26 inches, we should find its angle to be 119° 21' 6S"'a, 
by moltiplyixig 67°, &c. by 26, and ^viding the product by 12. 



DEFINITIONS AND ILLUSTRATIONS. O 

7. If through the other point B another perpendicular to the same 
straight line, AB, be drawn, cutting the otiier line AG produced in 
E ; the ratio of the perpendicular BE to the radius AB is called the 
tangent of the angle A ; and the ratio of the hypotenuse AE to the 
radius is called the secant of the same angle. These, for abbreyiation, 
are written tan A and sec A. Hence, bj multiplying by the radius, 
we get BE =r tan A, and AE=mrsecA; so that, by taking along 
with these the expression found at the end of the last No.^ wo haye 
the three formulas, 

CD=rsinA...(a), BE:=rtanA,..(6), AE = ysecA,..(c). 

8. The cosine of an angle is the sine of its complement. In like 
manner, the coversed sine, cotangent, and cosecant of an angle are 
respectively the versed sine, tangent, and secant of its complement. 
Hence, since ai^ angle is the complement of its complement, the cosine, 
cotangent, &c. of the complement of an angle are respectively its sine, 
tangent, &c. For brevity, the sine, versed sine, tangent, and secant 
of the complement of an angle A are written cos A, coversin A, or 
covs A, cot A, and cosecA.* 

If now BA be produced to meet the circumference again in F, and 
the diameter GH be drawn perpendicular to BF, the angle GAG will 
(No. 3) be the complement of A. Drawing, therefore, GK and GL 
perpendicular to GH, and producing AC to meet GL in L, it follows 
from the last two Nos., that if CK, or its equal AD, be divided by 
the radius AC, the quotient will be the sine of GAG, or the cosine 
of A ; and that, in like manner, if GK, GL, and AL be divided by 
the radius, the quotients will be covs A, cot A, and cosec A. Hence, 
by multiplying by the radius r (omitting the coversed sine, as giving 
a result of no value), we get the following formulas : 

AD =r cos A... (J), GL=:rcotA...(«), ALzzrcosec A...(/). 

9. If we regard the line AB as fixed, while AC, commencing its 
motion from coincidence with AB, revolves about the point A, the 
angle A will commence from nothing, and, by receiving continual 
increases, may attain any magnitude, however great. Thus, the 
revolving line (Jig. 3) may take the successive positions AGi, ACgf 
AG 8, AG 4, AC 5, &c.; there^being evidently 'no limit to the amount 
of angular space described by that line, which, like a crank in machi- 



* This notation, and the corresponding ones in Nos. 6 and Y, possess gi'eat 
advanta^s from their conciseness, and mm their suggesting to the mind at 
onee the ideas which the symbols are Sntende<| to express. 



4 ELEHE5TART ILLUSTRATIONS. 

nerj, may be supposed to rerolye again and again about A. Hence, 
A win be one right angle, when AC {fig, 2) coincides vith AG 
two right angles, when it coincides with AF ; three, when with AH 
four, when having completed a revolution, it again coincides with AB 
five, when it falls a second time on AG ; and so on. 

Now, when the line AC (Jig, 2 and 4) lies in the first or second 
right angle, BAG or GAF, the line CD, or rsinA, is on the side 
of BF which is towards G ; but (Jig, 5 and 6) in the third and fourth 
right angles, FAH and HAB, it falls on the other side of BF. In 
the first and fourth right angles, the line AD, or r cos A, is a part of 
AB ; but in the second and third, it is a part of AF. In the first and 
third right angles, the line BE, or r tan A, is on the side of the point 
B which is towards G ; but in the second and fourth, it is on the other 
side. In the first and third right angles, the line GL, or r cot A, 
lies on that side of the point G which is towards B ; but in the second 
and fourth, it is on the other side. Lastly, in the first and fourth 
right angles, the line AE, or r sec A, passes through C, the termina- 
tion of the arc BC ; while, in the other two right angles, it lies on 
the opposite side of the centre with regard to C : and, in the first and 
second right angles, the line AL, or rcosecA, passes through C; 
while, in the third and fourth, it lies on the opposite side of the centre. 

10. It will be* seen, also, that when, AC coinciding with AB, the 
angle A is nothing, the line CD is also nothing; but that, when A is 
a right angle, CD coincides with the radius AG, and is equal to it. 
In like manner, when A takes the successive values, two, three, and 
four right angles, CD becomes successively nothing, AH, and nothing. 
By dividing these, therefore (No. 6), by the radius r, and by carrying 
out the same principle with regard to angles still larger, we find that 
the sine of any angle which is nothing, or two right angles, or four 
right angles, or any even number of right angles, is nothing ; and that 
the sine of any odd number of right angles is 1. In like manner we 
should find, that the tangent of nothing, or of an even number of 
right angles, is nothing ; and that the secant of any of the same angles 
is 1. If, again, A be supposed to increase by the approach of AC 
(fi>g. 2) to coincidence with AG, the lines BE and AE will conti- 
nually increase, and may be made as large as we please. When, 
however, AC coincides with AG, it will be parallel to BE, and will 
therefore never meet it. In tliis case, BE and AE are said to be 
infinite ; and therefore (No. 7), dividing them by r, we get an infi- 
nite quotient; whence it appears, that the tangent and secant of a 
right angle are both infinite ; and the same will evidently be the case 



FORMULAS BEGABDING A SINGLE ANGLE. 5 

when A is composed of any odd number of right angles. It would 
appear in a similar manner, that the yersed sine of nothing is nothing ; 
of one or three right angles, 1 ; of two right angles, 2 ; and of four 
right angles, nothing ; and it is easy to trace similar relations regarding 
the cotangent, cosecant, and coversed sine.* 

11. By eliminating r, and the lines, CD, BE, &c. from the expres- 
sions in Nos. 7 and 8,. we obtain the following trigonometrical 
foimulas, which are of much importance : 



cosAsecA=l (1), 

sin A cosec A = 1 . . . (2), 
sin A 

*^^=53^ (3), 

cos A , ^ . 

^^*^=s"b:s: W' 



tanAcotA^lt C^), 

sin3A+cos2A = l (6), 

sec3A=l-htan2A (7), 

cosec2A=l+cot2A ...(8). 



To investigate the first of these, let us take the products of the 
members of (c) and (d): then, r^cosAsec A=:AD.AE. Now, 
AD.AB is equal to r^: for, in the similar triangles, ADC, ABE 
(Jig. 2, 4, 5, or 6), we have AD : AC : : AB : AE ; whence, since 
AB and AC are each equal to r, we get (Euc. VI. 17.) AD. AE = r*. 
Hence, the expression formerly found becomes r^cos AsecA=:r2; 
and from this, by dividing by r 2, we get (1). Formula (2) is obtained 
similarly from (a) and (/), by means of the similar triangles, ADC, 
AGL. To investigate (3), we might find it very easily by dividing 
(a) by {d) ; or we may take the product of formulas (6) and (d), then 



* From what is pointed out above, m connexion with what will be esta- 
blished in No. 11, it will appear that some of the values of the sines, tangents, 
&c. above mentioned, are positive, and some negative : and the student will 
have no difficulty in seeing, that if w be any numfer in the series, 0, 1, 2, 3, &c. 
sin A and tan A will be nothing, when A consists of 2n right angles : that 
cos A and cot A will be nothing, when A is 2w+l right angles; that sin A 
18 1, when A is equal to 4w+l right angles: and to — 1, when A is 4w+!3 
right angles : that cos A is 1 when A is 4n right angles ; and — 1, when A is 
4w4-2 right angles: that tan A and sec A are each equal to +od, when A 
is equal to In-f- 1 right angles ; and to — oo, when A is 4n-|- 3 right angles, &c. 

f Hence we have cotA=r^ — -r-. Multiply both by any quantity a; then 

m 

a cot A = 7 — x". From this it appears, that if a quantity be divided by the tan- 
gent of an arc, the quotient is the same as the product that would be obtained 
by multiplying the same quantity by the cotangent of the arc ; and it would be 
shown in a similar manner, that to divide by the cotangent is the same as to 
multiply by the tangent. It is evident, also, that there is the same mutual 
relation between the cosine and the secant, and between the sine and the 
cosecant; and, universally, between ant/ quantity and its reciprocal. 



6 ADDITIONAL ELEMENTARY PRINCIPLES. 

r*cosAtanA=AD.BE. Nov, from the triangles ADC, ABE, 
we get AD : DC : : AB : BE ; and, consequently, AD.BE r=r.DC = 
r^ sin A, because, by (a), DC = r sin A; and, therefore, r'cos Atan A 
= r*sinA; whence (3) is obtained by dividing by r^ and cos A. 
We find (4) in exactly the same manner from (a) and (/), by means 
of the triangles ADC, AGL, in connexion with formula (d). The 
easiest mode of finding (5), is to take the products of the members of 
(3) and (4). K we now add together the squares of the members of 
(a) and (d), we get r^ sin^A+r^ cos^Azz AD^+CD^. But (Euc. 
I. 47) AD2+CD2=AC2 = r2: and therefore r^sin^A+r^cos^A 
= r^ ; whence we get (6) by dividing by r^. To find (7), we square 
the members of (&), and add to the first of the results AB^, and to 
the second, what is equivalent, r^ : then AB^ ^BE^, or (Euc. 1. 47) 
AE2, or, by formula (c), r^seo^ A = r^ + r^ta,n^ A ; whence we get 
(7) by dividing by r^. In the last place, (8) is found in a similar 
manner from (e), by squaring its members, adding to each AG^, and 
applying to the residts Euc. I. 47, and formula (/). 

12. For the purpose of extending the application of analytical for- 
mulas, it is often necessary to consider the sines, tangents, &c. of 
angles which are greater than four right angles. Thus, we may con- 
sider the line AC (Jig. 2 &c.), as having revolved round A once or 
oftener, and having described the angle BAC besides. In this view 
it is evident, that in the fifth, ninth, thirteenth, &c, right angles, the 
sines, cosines, tangents, &c, will be the same as in the first ; in the 
sixth, tenth, &c. the same as in the second; the line AC always 
occupying the same position after the addition of four right angles. 

13. To render the formulas which express the relations of sines, 
cosines, &c. in the first right angle, applicable in expressing the same 
relations in the others,* the sine is to be regarded as positive, when 



• Thus, in the first right angle, versinA=:l — cos A, which formula will 
hold true also in the second ana third right angles, on the supposition, that 
in them the cosine is negative ; and a similar illustration may be given by 
means of the coversed sine. " Let us lay down, then, this general principle, 
which 18 of great utility : AU trtgonjometrical formulas should be formed for 
positive angUs which do not eneceed 90^; since they will serve equally for angles 
that are greater 'than 90°, and for negative angles, by merely making the 
proper changes on the signs of the trigonometrical quantities." — CagnoU^ 
2^ngonom)etrte, 77. From Ihis conventional mode of expressuig difierence of 

Sosition by tbe use of difierent signs in the analytical expressions ibr qualiti- 
es, much advantage results in extending the application of formulas both 
in trigonometry, and in other parts of matheynotics. Without this artifice, 
in the instance already given, we should sometimes have vwsin A= 1 — cos A, 
and sometimes, versin A= 1 -j-|cos A. 



SIGNS OF THE TRIGONOHETKIOAL QUANTITIES. 7 

CD, the line to which it is proportional, lies on one side of AB, as 

towards G ; but negative, when that line lies on the other side. In 

like manner, the cosine is to be regarded as positive or negative, 

accordingly as the line AI), to which it is proportional, is a part of 

sm A. 
AB or AF. Hence, ^ also, since (No. 11) tanA= j, cotAz= 

cos XX 

- — r = 1 — r , sec A = -, and cosec A = . a , it is easy to trace 

sinA tan A cos A smA* •' 

the mutations of the signs of all these quantities ; and it will appear, 

that the sine and cosecant are positive in the first and second, fifth 

and sixth, ninth and tenth, &c. right angles, and negative in the others ; 

that the tangent and cotangent are positive in the first, third, fifth, 

seventh, &c. right angles, and negative in the others ; and that the 

cosine and secant are positive in the first, fourth and fifth, eighth and 

ninth, &c.;^ the tangent and cotangent changing their signs at the 

end of each right angle ; and the sine, cosine, secant, and cosecant, 

at intervals of two right angles. 

14. The angle BAM (Jiff, 2) lying on the opposite side of AB from 
the angle BAG, may be regarded as negative in relation to BAG 
taken as positive; and, from considering the sine, cosine, &c. of 
this negative angle, it will be obvious, that sin( — A)= — sin A; 
cos ( — A) = cos A ; tan ( — A) zz — tan A, &c. 

15. If (Jig, 2)t the angle FAN be made equal to BAG, and NO 
be drawn perpendicular to BF, it follows (Euc. I. 26), that NO is 
equal to CD, and AO to AD ; the two latter, however, lying in oppo- 
site directions. Now, if NO and AO be divided by the radius, the 
quotients (Nos. 6 and 8) will be the sine and cosine of the angle 
BAN, which (by construction and No. 4) is the supplement of BAG. 
Hence, it is evident, that the sines of A and its supplement are 
equal ; and that their cosines are also equal, but have contrary signs. 



* It is easy to see by an inspection of the diagram, that these signs corres- 
pond strictly to the positions of the lines CD, AD, BE, and GL, to which 
the sines, cosines, tangents, and cotangents, are proportional. That the same 
is the case in relation to tiie secant, wiU appear wom. considering the circle 
to be described by a revolving radius commencing its motion from AB. In the 
first, fourth, fifth, &c. quadrants, the line AE, which is proportional to the 
secant, and this radius, will lie on the same side of the centre ; but in the 
second, third, sixth, &c. on opposite sides. A similar illustration is appli- 
cable with regard to the cosecant. 

f Everything stated here, as well as in several other cases, will hold equally 
in figures 4, 5, and 6 : the sole difierence in the present instance being, that 
in figures 5 and 6, the supplements would be negative. 



SINES OF THE SUM AND DIFFERENCE OF 7W0 ARCS. 9 

the coHne of the adjaoent angle ; and that each leg is equal to the pro- 
duct of the hypotenuse and the sine of the opposite angle, or of the 
hypotenuse and the cosine of the adjacent angle, 

20. We have, in like manner, bj No. 7, BG : G A : : 1 : tan B, 
and BG : B A : : 1 : sec B : that is, one of the legs is to the other, as 
the radius is to the tangent of the angle opposite to the latter ; and 
one of the legs is to the hypotenuse as the radium is to the secant of the 
contained angle. 

21. Again, let ABC (fg. 8) be any triangle, and GD its perpendi- 
cular: then (No. 19) in the rightangled triangles AGD, BGD, GD= 
AGsin A=BG sinB; whence (Euc. VI. 16) AC : BG :: sinB : 
sin A ; that is, in any plane triangle, the sides are proportional to the 

sines of the opposite angles. Hence, also, ^ =:— — -r. 

22. One of the most important problems in trigonometry, is that 
in which it is required to find the sine of the sum of two angles, in 
terms of the sines and cosines of the angles themsehes. To investi- 
gate this, let BAG and DAG (Jig. 9), which, for brevity, may be 
called & and^, be the two angles; and through any point G in AG, 
draw BGD perpendicular to AG, and meeting AB, AD in B and D. 
Then (No. 19) 

BG=:ABsin;^, and GD = ADsin^; 
and therefore BD = AB sin ^ + AD sin ^; 

whence 1 = ^ sin ^ + gg sin d' ...(g) 

T» X /'XT oi\ AB sin ADG cos^ 

But (No. 21) .5= = . ^.r\ = ' /y> ■ >i/V 

^ ^ BD smBAD 8in(^+^) 

, AD sinABG cosd 
and =rTr= 



BD ^ sin BAD "" sin (^+0' 
By substituting these in equation (g), and multiplying by sin (^+^), 

we get 

sin (^+^) = sin ^ cos ^+ cos ^ sin ^, 

the required formula; or putting A for 6 and B for d', 

sin(A+B) = sinA cosB + cosA sinB (12) 

Hence, to find the sine of the sum of two angles, multiply the sine 
i of each hy the cosine of the' other, and add the products together. 

\ From this, taking B negative, since (No. 14) sin ( — B)= — sin B, 

I and cos ( — B)= cos B, we get 

L 8in(A — B) = sinA cosB — cosA sinB ^ (13) 

' Hence, to fi/nd the sine of the difference of two angles, from the pro-' 

B 
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diu:t of the sine of the grealter and the cosine of the less, take the 
product of the cosine of the greater and the sine of the less. 

23. By No. 3, cos(A+B)= sm(i ^r— A— B) = 8in{(iflr— A)— BJ. 
Now, if we take ^^ — A as a single angle, it is the complement of A, 
and we hare (No. 8) its sine = cos A, and its cosine ^ sin A. Hence, 
therefore (No. 22), 

cos(A + B) = cos AcosB — sin AsinB (14)* 

In this, change the sign of B: then (No. 14) 

cos(A — B)=cosAcosB+sin AsinB (15) 

24. Take the sum and difference of (12) and (13)t, and also of 
(14) and (15): then 

sm(A + B) + sin(A— B) = 2sinAcosB (16) 

8in(A + B)— sin(A— B) = 2cosA sinB (17) 

cos(A— B)+cos(A + B)=2cosAcosB (18) 

cos(A— B)— cos(A+B) = 2 8inAsinB (19) 

25. Let A+B=S, and A— B = D; then A=KS + D), and 



* This formula may also be investigated in the following manner: Ketam- 
ms the same construction (^. 9) as m No. 22, draw AE perpendicular to 
a£>, meeting DB produced in "E. Then the angle E = /, each being the 
complement of E AC. Hence (No. 19) EG =E A cos ^. Then, because (No. 
19) BC=: AB sin fi, we have 

EB=EAcos^'— AB sm^; 

, , EA . AB . ^ ,.^ i 

whence 1=^5 cos/ — ^g sm^ {h) 1 

P ^EA smEBA sinABC cos^ , AB sinE _ sin^' 

EB~8inEAB""BinEAB"~cos(^+0* EB^sin EAB""cos(^-|-/) 

by Nos. 21 and 15. Hence, by substituting in (A), and multiplying by cos (^/), 
we get 

cos (^4~^)= cos ^ cos / — sm 4 sin /; 

which is the same as formula (14): and by changing / into — /, we get (15). 
It will be readily seen, also, how iix)m (14) ana (15), thus established, (12) 
and (13) might be deriyed by a process analogous to that employed in No. 23. 

Formula (13) might also oe deriyed by putting (in fy, 10) !BAC=^, and 
I>AC=/ ; and from it (12), (14), and (15) might sdl be aeriyed: or, finally, by 
drawing AE perpendicular to AD, we mieht inyestigate (15); and from it 
the other three might be deriyed with equal facility. 

It may be remarked that when any one of these four formulas is deriyed 
from a diagram, it is better to deriye the others from it, than again to appeal 
to first principles, by employing another diagram. Various other mooes of 
inyestigating these important formulas, haye been giyen by writers on trigo- 
nometry. 

t That is, put the sum of the first members of equations (12) and (13) equal 
to the sum of their second members ; and likewise the difference of their first 
members equal to the difference of their second members. Such abbreyiated 
modes of expression may often be used with adyantage. 
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B= |(S — D). Substitute these values of A and B» and of their 
sum and difference, in the last four equations : then, to preserve uni« 
formitj of notation, use A and B, instead of S and D, in the formulas 
thus obtained, and there will finallj result 

sinA+*sinB=2sinJ(A + B)cosi(A— B) (20) 

sinA— sinB=2cosJ(A + B)sinJ(A-r-B) (21) 

cosB+cosA=:2cosi(A + B)cosi(A— B) (22) 

cosB— cosA=2sini(A + B)sinJ(A— B) (23) 

26. Divide the second of these bj the first, and divide the terms 
of the second member of the result successively by 2cosi(A+B) 
cos i (A — B) and by 2 sin J (A + B) sin i (A — B) ; divide the fourth 
by the third, and divide the numerator and denominator of the second 
member of the result, first, by 2 cos i (A + B) sin i (A — B), and then 
by 2 sin J (A + B) cos i ( A — B) : divide, also, the first by the third, 
the fourth by the second, the fourth by the first, and the second by 
the third ; then simplify the second members by rejecting the quanti- 
ties common to the numerators and denominators, and by means of 
No. 11 ; and there will be obtained 

sin A — sinB tani(A — B) cot i ( A + B) .^ax 

BmA + sinB'"tan4(A + B)"";cotKA— B) ^ ^ 

cosB — cos A tan i ( A + B) tani(A — B) .^^^ 

cosB + cosA""coti(A— B)""coti(A + B) ^^^ 

sin A + sin B . , • * . t.x ^^^v 

— p7" ^ . =tan4(A + B) (26) 

cos B + cos A 2\ » / V / 

COsB cos A ^ ,,A . -r»\ ^«»»x 

~, — .-^=tanJ(A + B) (27) 

smA — smB -v « / v •/ 

cosB— cosA_ . 

-: — T—; — r— ^=tani(A — B) (28) 

smA + smB » \ / \ ^j 

smA — sinB 

— -~ ^=tant(A — B) (29) 

cosB+cosA ^ ^ ^ ^ 

27. In (20) or (21), and in (22) and (23), let B=0 ; then (No. 
10), sin B=0, cos B==l, and we shall have 

sinA=2sini Acos} A (30) 

1+ cosA=:2cosHA (31) 

1— cos A=2sinHA (32) 

28. The following system of formulas is obtained by modifying 
the numerators of their first members by (30), and the denominators 
by (20) and (21), and by simplifying the results. Thus, by (30), 

sin(A + B) = 2sini (A + B)cosi (A + B) ; 
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and by dividing the members of this by those of (20), and simpli- 
fying, we find the first of the following: 

sin(A + B) _ cosKA + B) .^^. 

sinA + sinB""co8i(A— B) ^ ^ 

Bin(A — B __ C08^(A — B) .« . ^ 

sinA— sinB""cosJ(A + B) ^ ^ 

sin(A + B) _ sinKA + B) 

sinA— sinB""sinKA— B) ^"^^^ 

Bin(A— B) __ sini(A— B ) 
BinA + sinB""sini(A + B) ^^^^ 

29. If B be taken equal to A in (16), (17), (18), (19), and (14), 
the following expressions are obtained, the first and second giving the 
same value for sin2 A, and the third, fourth, and fifth, giving three 
different expressions for co82A: 

sin2A = 2sinAoosA (37) 

cos2A=2cos»A— 1 = 1— 2sin«A = cos«A— sm«A (38) 

30. To investigate some of the most useful properties of the tan- 
gents of angles, in addition to those already given, divide (12) by 
(14), (13) by (15), (14) by (12), and (16) by (13); then divide the 
numerators and denominators of the second members of the first two 
equations thus obtained, by cos A cos B, and those of the last two by 

suiA sinB; and, since (No. 11) . =:tan A, and -; — r =:cot A, 

^ '^cosA smA 

there wiU result 

'"(^ + B)° l-l\t.B W 

'«'<^-'')=5^S («>* 



* The following system would be found by vuans as denommatora the sum 
and difference of the cosines, and modifying them oy (22) and (23): 

8in ( A+B) _ 8in^(A+B) ,^. 

co8B-|-cosA""cosJ(A — B) 

Bin(A— B) coBi(A— B) 
co8B-.cosA""smi(A+B) ^^ 

8in(A+B) _ coBi(A+B) ^ 



cosB— cosA 8in}(A — B) 

8in(A— B) smi(A— B) , . 

co8B+cosA~'co8j(A+B) ^ ^ 

t Formulas (40) and (42) are easily derived from (39) and (41), by changing 
B into -.B. 
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-(*+'"=S^lE^ (")• 

j.rA T.V cotAcotB+1 .._. 

cot(A-B)= ^,,B_^tA (^) 

31. The tangent and cotangent of the sum of three angles, A, B, 
C, may be readily derived from the first and third of the preceding 
formulas, by regarding A-t-B as a single angle. In this way we 
have, first, 

^ ^ ^^ 1— tan(A + B)tanC' 
and then, by substituting for tan-(A + B) its equal, according to 
(39), and multiplying the numerator and denominator of the result 
by 1 — ^tan Atan B, we obtain 

/A I p t n\— tanA + tanB + tanC — tanAtanBtanC ^^^^ 
^^^■^^■*'^^-l— tanAtanB— tanAtanC— tanBtanC"^*'^^ 

By a similar process we should find, that 

. -p p^ cot A cot B cot C — cot A — cot B — cotC .^.. 
^^^^+ +^^-"cotAcotB + cotAcotC+cotBcotC— 1"^^ 

It is easy to see, that formulas for the tangent and cotangent of 
the sum of four or more angles, might be derived in a similar manner. 

32. Take B= A in (39) and (41), and B = C = A in (43) and 
(44); then 

-^^ = l!S^A W 

--'^-°^^ («) 

•"^^^ 'T-Wa'^ W 

cot^A— 3cotA • 
^^*3^= 3cot^A-l (^> 

33. By dividing (32) by (30), we obtain 

1-C08A _^ ^ 

smA * ^ 

Hence, also (No. 11), 

cosec A — cot A = tan J A (50) 



* This may be obtained by takinff the reciprocals of the members of (39), 
and muHdpIymg the numerator and denominator of the second member by 
cot A cot B. In a similar manner (42) might be derived from (40). 
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34. Double the members of (46), and perform the actual division 
in the second ; then (5), 

2cot2A = cotA— tanA (51) 

35. In (50) change A into 90°— A ; then 

secA— tanA = tan(450— ^A) (52) 

oc T» XT n A I *A 1 , cosA 1+cosA 

36. By No. 11, cosecA + cotA=i -: — 7 + - — r = — -■ — i — i or, 

•^ smA smA smA ' ' 

by (31) and (30,) and by contraction, 

cosecA + cot A = coti A (53) 

37. In this change A into 90® — A ; then 

secA+tanA = cot(450— J A) (54) 

38. Since the arcs 45° — lA and 45°+ i A are complements of 
each other, (62) and (54) will become 

secA— tanA = cot(45°+JA) (55) 

secA + tanA = tan(45°+ J A) (56) 

39. By taking the difference of formulas (56) and (52), we obtain 
2 tan A = tan (45° + i A) — tan (45°— J A) ; and therefore 

tan(45°+iA) = tan(45°— iA)+2tanA (57) 

40. The sines, cosines, &c. of some angles bear remarkable relations 
to unity ; and therefore merit consideration. We have already seen 
that cos J AT, or cos 90°= 0. Hence if A be takenz=90° in (31) and 
(32), we have l = 2cos245°=r2sin245°, and therefore 

sin45°=cos45°=VJ=iV2 (58) 

Hence, also, by (3), (4), (1), and (2), 

tan 45°= cot 45°= 1 (59) 

sec45°=cosec45°=V2 (60) 

41 . Again, since 60° is double of 30°, and is also its complement, 
we have, by (30), and by No. 8, 

sin 60°= 2 sin 30° cos 30°, or 
sin 60°= 2 sin 30° sin 60°. 

Hence, dividing by 2 sin 60°, we obtain 

sm30°, or cos60°= i (61) 

From this, also, we derive by (6), 

cos30°, orsin60°=VI=W3 (62) 

These values give, by means of (3), (4), (1), and (2), 

tan30°=cot60°=VJ=iV3 (63) 

cot 30°= tan 60°= V 3 (64) 



4 
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.cc30o=cosec60o=Vi=iV3 (66) 

.■osec30o=sec60o=2 (66) 

> re have (37) and (38), 

8in720z=2sm360cos36o, and 
- 003 720= 2cos336<>—l, 
» -nee, by (12), sinl08o= sin(36o+72o)z=sin360cos7204-cos36« 
rii- , or, by (38) and (37), since 72o= 36«x2, 

ii'm 108°= 2sin36o cos^seo— sin36»+ 2 sin360cos»36^ 
= 4sin36o cos 236°— sin 36«. 

smce 720+1080=1800, we hare, by No. 16, and by (37), 
* •mu6'^= sin 720= 2 sin 360 cos 360; ^n^ therefore, by equalling these 
uba of sin 108O, we obtain 

2 sin 360 cos36o= 4sin36o cos2360— sin36o. 
■lice, by dividing by sin36o, and by transposition, we get 

4cos2360—2cos 360=1; 
'^ positive root of which equation is 

cos36o, or sin64o= J(l + V6) (67) 

13. Hence (6) sin36o, or cos54o= JV(10— 2V5) ... (68) 

This is half the side of a pentagon inscribed in a circle, whose 

.dins is 1, since an arc of 36o is one tenth part of the entire circum- 

rence, and (No. 6) in that circle, the sine of any angle is half the 

Iiord of twice the corresponding arc. Hence the side of the pen- 

.gonisiV(10-2V6) = y^=^. 

44. By (38), cos72o= 2 cos 2360—1; whence, and by (67), 

cos72o=sml8o=i(— 1+V6) (69) 

This is half the side of the inscribed decagon. The side itself, 
therefore, is ^ ( V 6 — 1) . 

45. From (69), we obtain, by means of (6), 

sin72o=cosl8o=iV(10 + 2V5) (70) 

This is the half of one of the diagonals of a regular pentagon inscribed 
in the same circle. 

46. By taking A= 60o in (17), we have, by (61), after transpo- 
sition, and by changing B into A, 

sin(60o+A) = sin(60o— A) + sinA (71) 

7 By taking (69) from (67), and doubling the remainder, we find 

2 sin 540— 2 sin 180=1; 
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by multipljing which by cos A, there will be obtained, by (16), 

sin (54°+ A) +sin(54<>— A)— sin(18o+ A)— «in (18°— A)=cos A... (72) 

We should also have a similar formula by multiplying by sin A, 
and applying (19). 

48. Two formulas giving the cosine and sine of half an angle may 
be thus investigated : (cosA+sinA)^=cos^A-f 2cosAsinA4-sin^A 
=rl-|-sin2A, by (37), and by No. 11; and therefore cosA+sinA=: 
V(l + sin2A). In like manner, we should find cos A — sinA=: 
V(l — sin 2 A); and by taking half the sum and half the difference 
of these, we obtain 

cosA = JV(l+sin2A)+iV(l— sin2A) (73) 

sinA = iV(l+sin2A)— iV(l— sin2A) (74)* 

49. Formulas might also be investigated for the secants and cose- 
cants of the sum and difference of angles, &c.; and we might in- 
vestigate many more respecting sines and tangents. As much has 
been done, however, as is consistent with the nature of the present 
publication ; and the person who shall make himself well acquainted 
with the mode of investigating the formulas that have been here 
given, wiU find it easy to derive others. We shall now proceed, there- 
fore, to the resolution of plane triangles, or to investigate rules and 
formulas for calculating certain sides or angles of plane triangles, 
when others are given. 



II.— RESOLUTION OF PLANE TRIANGLES. 

50. To assist in effecting calculations in trigonometry, tables have 
been constructed, containing the sines, tangents, and secants of all 
the angles, up to 90°, which differ by small equal intervals, usually of 
one minute; and, in trigonometrical computations, instead of the 
common numbers, the logarithms not only of the numbers expressing 
the lengths of the sides of figures, but also those of the sines, tan- 
gents, and secants of angles, are almost always employed, since the 
invention of those remarkable numbers. The theory of logarithms, 
and the method of computing tables t of them, and of sines, tangents. 



* Let the student conaider for what angles the radicals, in this formula and 
the last, are to be taken positive, and for what negative. 

f To employ those tables without being acquainted with their nature and 
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and secants, are given in the Treatise on the Dijfferential and Integral 
Calculus, by the Author of this work. It may suffice here to say, 
that the logarithms of two or more numbers, are other numbers whose 
sum is the logarithm of the product of the numbers to which they be- 
long. Hence it follows, that the difference of the logarithms of two 
numbers is the logarithm of the quotient obtained by dividing one of 
the numbers by the other ; that the logarithm of the square of a num- 
•ber is double of the logarithm of that number ; and the logarithm of 
its square root, half its logarithm. 

51. It is easy to see (Euc. I. 4, 8, and 26) that, with the exception 
mentioned in No. 53, a plane triangle is determined, when, of its 
sides and angles, any three, except the three angles, are given. Hence 
we may divide the resolution of plane triangles into three cases: 

I. When a side and the opposite angle, and either another' side, or 
another angle, are given ; ' " 

II. When two sides and the contained angle are given; and, . 

III. When the three sides are given. 

52. The f/rst case is resolved on the principle, that (No. 20) the 
sides are proportional to the sines of the opposite angles. 

53. When, in this case, two unequal sides, and the angle opposite 
to the less, are given, the angle opposite to the greater may (No. 15) 
be either that which is found in the table of sines, or its supplement, 
unless it be known from the nature of the problem, whether it is 
acute or obtuse. • This will readily appear from constructing the tri- 
angle ABC (Jig. 11) having the angle B acute, and the side AC lesg 
than AB ; as it will be seen, that if from A as centre an arc be de- 
scribed, with AC as radius, it will cut BD in two points C and C, 
either of which may be taken as the extremity of AC, and the two 
angles ACB and AC'B are evidently supplements of each other, the 
triangle CAC being isosceles.* Since the sine of an angle and the 
sine of its supplement are equal, a similar ambiguity would always 
exist when the quantity to be found is a sine, were it not removed by 
the nature of the triangle, or by some other circumstance. 



construction, is not strictly scientific. The student, however, wiU learn their 
theory and construction with greater ease, when he shall have had more expe- 
rience in mathematical investigations: and those who prefer the more scientific 
mode, may have recourse to the Treatise on the Differential and Integral Cal- 
culus. ;In all the books of tables, the method of using them is ezplamed. 

* Should the computation give the angle opposite to the ^ater side equal to 
dO*^, there would be no ambiguity. In tois case the arc C U' would touch BD. 
Should ttie value of sin C be greater than the radius the solution would be 

c ■ 
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54. The method which is generally best adapted for resolying tiie 
second case, may be thus investigated. Let A, B, C be the angles of 
a triangle, and a, h, c* the sides respectively opposite to them. 
Then (No. 21) a : 6 : : sin A : sinB; whence! 

a — h sin A — sinB . .^.v 

a + 6 smA+smB 

g— & _ tan^(A— B ) , . 

i+l^-tanKA+B) ^'^ 

and therefore 

a+6 : a—h :: tani(A+B) : tani(A— B); 

in which analogy the third term, as well as the first and second, is 
given, since (Euc. I. 32) A+B=180° — C. Hence, therefore, the 
angles A and B will become known, half their snm and half their 
difference being known. 

65. The angles being found, the third side may be calculated by 
No. 62, In practice, however, it is generally better to use one of the 
following analogies : % 

cosi(A— B) : cos^(A+B) : : a + 6 t c (76) 

sin|(A— B) : sin^(A+B) :: o-lj : c (77) 



impossible, the data being inconsistent with one another, and having no 
triangle answering to them, the arc OC neither catting nor touching BD. 

* To avoid ambiguity in the use of this very convenient notation, A, B, C 
may be read angle A, angle B, angle C ; and a, 6, c, side a, side h, side c, 

t For 0+6 : a — b : : sin A-{- sin B : sin A — sin B, and consequently 

a — b __ sin A — sin B 
o -J- 6 "" sin A+ sin B' 

t These formulas are given in the ISth page of Thacker's Miscellany, pub- 
lished in 1743, and then* use in resolvingthis case ofplane trigonometry, was 
first pointed out by the late Professor Wallace of iSdinburgn, in tiie JEto- 
burgn Transactions for 1823. 

!nie following geometrical proofs of formulas 15, Y6, and 77, may perhaps 
bepreferred by some to the proofs already given. 

Let ABC {jjtg. 12) be any plane triangle having a greater than b; and from 
C as centre, with a as radius, describe a circle meeting C A produced in I) and 
E, and BA produced in F; join DB, BE, and OF, and draw EG- parallel to 
AB, and meeting DB produced in G. Tlien, because DC and CE are each 
equal to a, DA is equa.1 to a-{- 6, and AE to a — b. Also (Euc. I. 32 ), DCB= 
A+B, and (Euc. III. 20) DEB= i( A+B). Again (Euc. I. 82), A=ACF+ 
r=ACF^B (Euc. I. 6), and consequently ACF=A— B; and (Euc. III. 20) 
ABE, or its equal, BEG= i (A — B ). Now, to EB, taken as unity, since (Euc. 
III. 31) DBE IS a right angle, BD is the tangent of DEB, or tan i(A-f. B), and 
BG the tangent orBEG, or tani(A— B); and (Euc. VL 2) DA : AE : : 
DB : BG; ttiat is, a+& : a— * : : tan KA+B) : tani(A— B), which is the 
same as (75). Again, DBA is the complement of ABE, or |(A — B){ and 
D the complement of BED, or |( A-f B). But, in the triangles, ABD, ABE, 



N 
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These are easily proved in the following manner. Since (No. 21) 

sin A ^ a sin B ^ 6 

sm C c sm C c 

we have, bj addition and subtraction, and by substituting (No. 15), 
sin (A+B) for sinC, 

sin A+sinB^ a+6 . sin A — sinB_ a — b 
sin (A+B)"" T"' ^^ sin (A+B) "" "T"' 

or, by (33) and (35), 

cos^( A— B) _ a+6 , sinj ^ (A— B) _ q--6 
^f("A+B)- c ' ^^ sin^A+B)-"^' 

It may be remarked, that if the latter of the two formulas just 
found, be divided by the former, the quotient will be (75) : and thus 
we have a second and an easy mode of investigating that fonnnla. 

56. In the third case, the three sides being given, to find one of 
the angles, suppose A (Jig, 8) ; from G (either of the other angles) 
draw CD perpendicular to the opposite side; then (Euc. L 47) a^=: 
CD2+DB*. But CD»=52— AD», and DB3=(c— AD)2=c2— 
2cx AD + AD«= c^— 26c cos A+AD3 (No. 19); and substituting 
these in the foregoing equation, and contracting, we obtain 

a^=zh^ + c^—2hccosA — • (78) 



52 J_^2___^2 

Hence we have cosA= ^^ ; — a formula by means of 

Z oc 

which A may be determined arithmetically, though in general not 
easily, as it is not adapted to computation by logarithms. To find a 
more convenient formula, we get from (78), by transposition, 

26ccosA=62+c2— a^. 

Subtract the members of this from 2 he, and also add them to it: then 

26c(l— cosA) = a«— (62_26c+c«) = a«— (6— c)«, and 
25c(l+cosA) = 6« + 25c+c>— a«=:(6+c)2— a»; 

or, by (32) and (31), and because the difference of the squares of two 
quantities is equal to the product of their sum and difference, 

46csin2jA=r(a — h+c)(a+h — c), and 
46ccos«iA=(a+6+c)(6+c— a). 



we have (No. 21) sinDBA : sinD : : DA : AB, and sin ABE : sin AEB : : 
AE : AB; that is, cosi(A— B) : cosi(A+B) : : a+6 : c, and 8mi(A— B) : 
smi(A+B) : : a-^ : c; which axe (76) and (77). 
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By putting 28z=a + b + c, these become 

46c8in»iA=2(«— 6).2(«— c), and 
46ccos4a = 2«.2(«— a).* 

Hence, by dividing by 46c, and extracting the square root, we get 
the two formulas, 

sinJA=.y(^=^>ii=l> (79) 

cosiA=yi^> (80) 

57. Divide (79) by (80) ; then, by (3), 

'"iA=y&^ei^ (81), 

In like manner we should have 

taniB= y^'-;> ^[-'\ and taniC = y ^'-;>^^-^> . 

2 ^ 8(S b) ^ ^ 8(S C) 

Divide the members of these by those of (81) ; then 
tan^B _ g — a , tan^C _ g — a ^. 

tan^A""s — 6' tan^A^s — c ^ ^ 

58. By multiplying the values of tan-JB and tan^C in the last 
No. by the value of tan^ A in (81), we get 

taniAtaniB = , and tan^A tan^C= ...(83) 

8 S 

59. Take twice the product of (79) and (80) : then (30) 

sinA='|V5(.-a)(5-6)(5-c)t (84) 

be 



* For since 2a=a+6+^» by subtracting 2 6 we obtam 25 — 26=a — ft-f-c; 
and similar remainders would be obtainedby subtracting 2a and 2 c. 

t Formulas Y9, 80, and 81 were discovered by William Purser of Dublin, 
probably about the year 1632, or soon after. See AVallace's Geometrical 
Theorems, page 1. 

I Multiply both members of this formula by b; then 6 sin A, or, by No. 19 

{fig. 8), the perpendicular CD=-V «(«— «j («— *) («—<?). If this be multiplied 

by ic, we obtain for the area of the triangle, V 5 (5— a) (5 — 6) {s — cj, which 
proves the common but important rule mr finding the area, when the three 
sides are given. If this be oivided by 5, half the perimeter, we find the radius 

- , . .1 ■• . 1 / (« — «) (« — b) {s — c) 
of the mscnbed circle =^ . 
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EXAMPLES OP THE RESOLUTION OF PLANE TRIANGLES. 

60. Given a=13 yards, 6z=15 yards, and A=53° 8'; to find the 
remaining parts of the triangle. 



Asa 


13 


1'11394 


As sin A 


62^ 8' 


9-90311 


'.b 


15 


1-1Y609 


: sinC 


69*^29' 


9-93625 


: : sinA 


53^ 8' 


9-90311 


; : a 


13 


1-11394 



sinB 6r*23', 9*96526 : c 14 1*14608 

or 112** 37'; 

this being (No. 53) the doubtful case. By taking C=14° 16', and A and a 

the same as in the preceding analogy, 
Hence (Euc. I. 32) we find c=4.* 

C=69« 29^, or 14® 16'. 

In these operations, to find the fourth term (No. 60), the second 
and third terms are added together, and the first is taken from the 
sum. This may be done more easily by adding together the second 
and third terms, and the complement of the first to 10, or what re- 
mains after subtracting its right-hand figure from 10, and aU the rest 
from 9, which may be done by inspection, as we proceed with the ad- 
dition. Thus, in the second, we have 4 and 5 are 9, and 9 are 18 ; 
then 1 and 9 are 10, and 2 are 12, and 8 are 20, &c. When we use 
this method, we must reject 10 from the result. It is still easier, 
however, when the quantity to be subtracted is a sine, to use instead 
of it the- cosecant diminished by 10 in its index, and then to add all 
the quantities together. The reason of this is evident from the second 
note to No. 11. In like manner, when a cosine 'is to be subtracted, 
we may add the secant diminished by 10 ; and when a tangent or co- 
tangent is to be subtracted, we may add in the first case the cotan- 
gent, in the second, the tangent, subtracting 10, either at first, or from 
the final result. 

The following method of resolving this case is perhaps preferable to 



BC»— AC^ or (Euc. II. 6, cor.) (BD-f-AD) (BD— AD) = (BCHkAC) 
(BC -^ AC ). Now, when the peq^endicular falls within the .triangle, BD-|- 
AD= AB ; otherwise (A being obtuse) BD— 'AD= AB : in either case, there- 
fore, one of these factors is given, being equal to the base, and the oilier will 
be determined by dividing (BC -f- AC) (BC — AC) by the one which is given, 
or by converting the equation (by Euc. VI. 16) into an analogy having the 
given base for its first term. Hence the segments of the base will be known, 
and then each of the rightangled triangles wiU be resolved by the first case. 

* These results may be thus obtained by the use of natural sines and num- 
bers; as a : 6 : : sinA : sinB ; that is, as 18 : 16 : : '80003 : -92311= sine of 
6r* 23', or 112° 37; whence C, as before,=59*» 29', or 14° 16'. Using the first 
of these, we have sin A : sinC : : d ic\ that is,*80003 : "86148 : : 13 : 14; while, 
by taking C =14° 15', we should find, in a similar manner, c=4. 
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that which is given above. From log sin A take log a, and the remain- 
der, 9-90311— 111394, is 8-78917; add this to log 6=117609, and 
the sum 9*96526 is log sin B as before. Then, G being found, from 
the logarithmic sines of its values take successively the same quantity 
8*78917, and the remainders are the logarithms of the two values of 
c. The reason of this is obvious, since, in the first analogy, the first 
and third terms are a and sin A; and in the second they are the 
same quantities in a reversed order. 
61. Given a=67*38 mfles; 6=42*6 miles, and C=66o45'; to 

resolve the triangle. 

Then, by (Y6). 
As cosi(A— B) 15« 18'i 9*98431 
:C08i(A+B) 61°3ri 9*67691 
::a+b 99*98 1*99991 



By (75). 
Asa+b 99*98 

: a—h 14-78 

::tan}(A+B) 61« 3r J 



1*99991 

1*16967 

10*26760 



: tanJ(A— B) 15° 18'i 9*43726 



Hence, by adding and subtractmg the 
half sum and half difieFence, we find 
A=76« 56', and B=:46° 19'. 



49*26 1*69261 



This might also be fomid by either of the 
following analogies, (77), and No. 52 : 
8ini(A — B) : sin J(A+B) : : a — b : c, 
and sin A : sin C : : a : <?. 
If G be a right angle, the solution is effected more easily by means 
of No. 20, than by the foregoing method, as we have simply a : 6 : : 
radius : tanB. 
62. Given a=679, 5=537, and c=429 ; to find the angles. 
Here, by adding the three sides together, we obtain 1645, the half 
of which, 822*5, is 9, Then, by taking from this the three sides suc- 
cessively, we find s — a= 143*5, s — 6=285*5, and s— c=393*5.* 
The rest of the work, the subtraction in the first part of which may 
be performed in the manner pointed out in No. 60, is as follows: 



8 

8 — a 
8—b 

8 — C 



822*5 
143*5 
286*6 
393*6 



tanJA 44*irj 
A?s88*»35' 



2*91514 
2*16686 
2*46561 
2*59494 

2)19*97856 
9*98928 



} 



subt. 



tan^A 
log (5— a) 



log (5— 6) 
tanJB 2er 7'i 

Ba?:62''16' 

log (a-H?) 

tan JO 10° 36' 
0=: 89^10'. 



9*98928 
2*16686 

12*14613 
2*46661 

9*69062 

12*14613 
2*59494 



} 
} 

} 



add. 



subt 



subt. 



9*66119 



* As a oheek on this part of the operation it may be remarked, that the sum 
of the three remainders is equal to the half sum s. 
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Here the first part of the operation proceeds according to (81). 
In the second and third, according to (82), log (a — a) is added to 
log tan ^ A, both of which are found before; and from the sum the 
logarithms of s — h and s — c are taken successively to find log tan ^B 
and logtan]^C. The sum of the angles thus found is exactilj 180^: 
and thus, by calculating all the tiiree angles, and taking their sum, we 
have always a certain means of determining the correciaiess of the 
operation. 

63. By supplying the radius in (83) and dividing by tan ^ A, we get 



tanjB= /^ . / , and tan^C= —p— 



h) 



^tan^A 



ftan^A ' 

These expressions afford an exceedingly easy method of finding 
tan^B and tan^C, after tan^A has been determined; nothing more 
being necessary for the logarithmic solution than to add 20 succes- 
sively to the logarithms of s — c and s — 6, and from the results to 
take the sum of the logarithm of s, and the logarithmic tangent of -^ A. 
As an example, let a=:113'3, 6=618, and o=:628'3. Here we 
have «=:679-8, s — a=666'6, $ — 6 = 61*8, and s — c=61*5; and 
the logarithmic computation will stand as follows : 



8 

8 — a 

8^I> 
8 — C 



679*8 

666-6 

61-8 

61-5 



2-83238n 
2-763200/ ^^^*- 
1-790988 
1-711807 



taniA 6°ll'i 
As= 10° 23'. 



2)17-917214 
8-968607 



tan^A 
log a 



log (fi— .0)4-20 

tanJB S^ 48^} 

B=79°3r 
log(s— &)+20 



C=90^ 



8*968607 
2-832381 

11-790988 
21*711807 

9-920819 

21-790988 
11*790988 

10-000000 



} 
} 

} 



add 



sabt. 



subt 



64. No easier or better solution for this case can be desired, or 
perhaps found, than is afforded by either of the foregoing methods ; 
the taking of only four logarithms from tiie tables being necessary in 
the entire operation by either of the methods. It may be resolved, 
however, by means of No. 56 or 69, or of the note to No. 69 ; and 
the learner, for the sake of comparison and of practice, would find it 
useful to resolve a triangle in all tiie ways here pointed out. The 
method in No. 69, besides being tedious, fails in determining whether 
the angle is acute or obtuse, and is tiierefore useless iu practice. 
No. 66 affords simple and easy solutions. 

66. Rightangled triangles are resolved by the first case, except when 
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the legs are given ; and then the resolution is most easily efTectecf bj 
the method pointed out in No. 20. These are more easily resolved 
than oblique-angled triangles, as the radius may always be one of the 
terms. 

66. As applications of plane trigonometry, we may consider some 
of the simplest and most useful cases of the detonnination of heights 
and distances. The height of an accessible object AB (f.g, 13), such 
as a tree, a spire, &c. may be found by assuming a station C on the 
same horizontal plane with the base B, and measuring with a line, 
chain, &c. the distance BC ; and with a quadrant, theodolite, &c. the 
angle ACB, called the angle of elevation. There will then be given 
the right angle B, the angle C, and the base BC, to find the height 
AB ; and that will be computed by means of either of the following 
analogies ; cos C : sin C : : BC : AB, or radius : tan C : : BC : AB. 

67. The data necessary for determining the height of an inacces- 
sible object AB (fig, 14), may be found by measuring the distance 
between two objects C and D, which are on the same horizontal plane, 
and in the same straight line with the base of the object ; and by 
measuring the angles of elevation, ACB, ADB. Then, as sin CAD 
(=ACB— ADB, by Euc. I. 32) : sin ADB : : CD : AC; and ra- 
dius : sin ACB : : AC : AB, the height required. In the compu- 
tation, the logarithm of AC will be found by the first analogy, and 
may be used in the second without finding AC itself.* By com- 
bining the two analogies, we have log AB = log CD + log sin ACB + 
log sin ADB — log sin (ACB — ADB) — 10. When the surface on 
which the measurement is made is not horizontal, its inchnation must 
be measured, and must be employed .in the calculation ; and in all 
cases, when the angle of elevation of the summit of the object above 
the horizontal plane, passing through the eye, is observed, the height of 
the eye must be added to the final result. 

68. The following is one of the most useful cases of the measure- 
ment of distances. Let A and B (fi^, 15) be two objects whose dis- 
tance is to be found, and let the base CD, in the same plane, be 
measured. Measure also the angles ACB,* BCD, BDA, and ADC. 



•Itfollow6fi*oinNo.l9,thatBC=ABcotC,andBD=ABcotD. Taking 
the -difference of these we obtain CD==:AB (cotD — cot C), and cons^uentLy 

ATI ^P 

^^=cotD-cbtO' 

a formula which gives an ^asy. method of computing AB by means of the 
table of natural tangents. 
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Then (bj case I.) in the triangle ACD, calculate AD ; and in the 
triangle BCD, calculate BD: lastly, in the triangle ADB (case II.), 
calculate AB. The operation may be yerified bj computing AC and 
BC, and thence AB. The other common cases of the measurement 
of distances will be found in the following exercises, and will present 
no difficulty. 

EXERCISES IN PLANE TRIGONOMETRY. 

1. Given A=90°, B=3r* 62', a=: 170*6; required h and c, Answ. 6=10472, 

cr= 134-68. 

2. A=90^ B=49« 18', c=789. Amw. a=1210, &=917-3. 

3. A=90^ a=157'8, 6=100. Amw. B=S9<» 19'i, c=122-07. 
' 4. A=90^ 6=784-3, c=940. Answ, B=39<» 51', a=1224-2. 

6. A=68« 23', B=62° 40', a=6000. Answ. 6=4777-8, c= 4055*9. 

6. A=45% a=64-3, 6=67. Answ. B=38° 49', <?=90-4. 

7. Afi=46^ a=67, 6=64-3. Answ. B= 62<» 64'J, c=79-844; or 

B = 12r* 6'i, c =11-091. 

8. A=ir* 18', 6=1376, c=149. Answ. B=160*» 38'i, a=1284-l. 

9. a=384, 6=612, c=201. Answ. A=41<» 6', B=118« 46'. 

Ex. 10. Hequired the breadth AB (fig. 8) of a lake, the distance from A to 
a station C being 24-36 perches, and the angles A and C being 91^ 32' and 
69** 18' respectively. Answ. AB= 69-408 perches. 

Ex. 11. Required the distance between two houses A and B {fig. 8), on the 
opposite sides of a hiU ; the distance from A to a point C, from which both are 
visible, being 168 perches, from B to C 212 perches, and the angle ACB= 
34** 48'. Answ. 121*14 perches. 

Ex. 12. Suppose a base AB (fig. 16) of 24*36 chains to be measured for 
ascertaining the distance between two houses and D beyond a river, and sup- 
pose the angles CAD, DAB, DBC, and CBA to be 64« 38', 61° 12', 70'» 44', 
and 49° 5(y, respectively : required the distance CD. Answ. 132*93 chains. 



III.— THEORY OF SPHERICAL TRIGONOMETRY. 

69. A spherical triangle is a part of the surface of a sphere bounded 
by arcs of three great circles; that is, of three circles whose planes 
pass through the centre of the sphere. Those arcs are the sides of 
ihe triangle ; and any of its angles is the same as the inclination of 
the planes of the sides which contain that angle. 

In what follows, unless the contrary is specified, a spherical triangle 
will be understood as being the smaller of the two parts into which 
the surface of the sphere is divided by the three smaller arcs joining, by 

D 
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pairs, three points on the sarface, and which are not on the same great 
circle.* In such a triangle, therefore, each side is less than a semicircle. 
70. To investigate the fundamental formula in spherical trigono- 
metry, let ABCt {fig. 16) be a spherical triangle, and S the centre 
of the sphere ; and let the sides opposite to tlie several angles A, B, C, 
be denoted by the corresponding small letters, a, 6, c. In the 
planes, ASB, ASC, draw AD, AE, each perpendicular to AS, and 



• If through two points on the surface of a sphere, which are not diametri- 
cally opposite, a great circle be described, the points may^ be regarded as being 
joined oy either the less or the greater of the two arcs into which the circle 
IS divided at the points ; and, hence, we have one.reason for the limitation in 
the text. Another reason is, that while this limitation simplifies the theory, 
it excludes no arc or angle which it is ever necessary to consider in the prac- 
tical application of spherical trigonometry. Besides this, if the triangle men- 
tioned in the text be determine^ everythmg that is excluded by the limitation 
flows from that triangle, without any new mvestigation. — See the scholium at 
the end of this section. 

The following remarks and illustrations will assist the student in under- 
standing the theory of spherical trigonometry. 

1. If from any point in the line -^^ch is the conunon section of two planes, 
and which (£ug. XL 3) is a straight line, two perpendiculars to that nne be 
drawn, one in each plane, the angle of inclination of the planes is the same as 
the angle contained by these perpendiculars. Hence it is obvious, that a spheri- 
cal angle is the same as the mcunation of the tangents of the containing sides. 
It may also be remarked, l^at the planes of the sides form at the centre of the 
sphere a triedral solid angle, the inclinations of whose planes are the same as 
the angles of the triangle ; and the plane angles made by the radii, or com- 
mon sections of the planes, are measured by the sides of {ne triangle. 

2. Every section of a sphere by a plane is a circle. For, if the plane pass 
through the centre, — since, by the definition of the sphere, all its radii ai'e 
equal, — ^the section is obviously a circle. But if it do not pass through the 
centre, a perpendicular to it from the centre will cut it in a point equafly dis- 
tant (Euc. I. 47) from all points of the boundary of the section : ana that 
boundary is therefore the circumference of a circle. A circle whose centre 
is not the centre of the sphere is called a smaU or a less circle, 

3. Since the planes of all great circles pass through the centre, the common 
section of any two is a diameter; and hence all great circles bisect one another. 

4. If a straight line be drawn perpendicular to any circle of the sphere 
through its centre, it cuts the surface in two points called the poles ot that 
circle. Hence (Euc. I. 47) either pole of a circle is equally distant from all 
points of its circumference; also^ii great circles be drawn through the poles, 
the arcs of them between the circle and either pole are (Euc. IIL 28) all equal ; 
and, in case of a great circle, each of these is the arc of a quadrant. 

t The learner, to assist his conception, may readily make a figure of a conve- 
nient form in the following manner : On a piece of pasteboard, describe, with 
a radius of 2^ or 3 inches, an arc of about 190^, markmg the centre with S, and 
each extremity with A, and draw tangents at the extremities ; then divide the 
arc into three portions, AB, BO, and CA, of about 64**, 72®, and 64°, respec- 
tively ; draw tne radii SB and SO, and produce them to meet the tangents 
already drawn in D and E, and join DE. Then, let the pasteboard l^ cut 
half through in the lines SD and SE, and the parts ASD, ASE be turned 
up on the opposite side, till the two radii AS coincide, and the diagi^mi ^ill 
be finished; S being the centre of the sphere, and AfiO the triangle. The 
sides here employea are chosen conformably to the note to No. 13. 
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let them meet SB, SG prodaced in D and E. Now, if r be pat to 
denote the radius of the sphere, we haye (No. 1) the following expres- 
sions for the angles at S : 

BSC=-, ASC=-, and ASB=-. 
r T r 

In these, we may evidently take r =1 ; that is, we may take the radiua 

of the sphere, as the unit to which all the other magnitudes, the arcF, 

sines, tangents, &c. shall be referred. On this supposition, we shall 

have BSC=a, ASC=5, and ASB=c. Hence, also, since r=:l, 

we shall have (No. 7) AD=tanc, AE=tan6, SD=seec, and 

SE = sec h. But (78) in the triangle DAE, 

DE2=EA2+AD2— 2EA.ADcosDAE, or 
DE»=tan26+tan3c — 2tan6 tanc cos A. 

In a similar manner we obtain from the triangle DSE, 

DE2=sec2& + sec^c — 2sec& secc cosa; or (7) 
DE2=2+tan26+tan2c — 2sec6 secc cosa. 

By equalling these values of DE^, rejecting the common quantities, 
transposing, and dividing by 2, we find 

oecb secc cosa = tan6 tanc cosA+1; or (1) and (3) 

cosa sin6 sine cos A . ^ 

cos 6 cose cos 6 cose ' 

whence, by multiplying by cos 6 cose, we obtain 

cosa=sin6 sine cosA-4-cos& cose. 

Hence it appears, that the cosine of one side (and it may obviously 
be any side) of a spherical triangle, is equal to the continual product 
of the cosine of the opposite angle and the sines of the other sides, to- 
gether wth the product of the cosines of those sides. We have, there- 
fore, the three following formulas, which exhibit the relation between 
the three sides and any of the angles, and from which all others rela- 
tive to spherical triangles may be derived: 

cosa=cos A sin6 sine + cos6 cose* (85) 

cos &= cos B sin a sine -{-cos a cose (86) 

cose=cosC sina sind -{-cosa cos & (87) 

* 1. From any of these formulas we may in&r, thaL 'with the limitation in 
No. 69, one side is less than the sum, and greater than the difference, of the other 
two. Thus, (14) cos (&-|-e)= cos b cos c — sin h sin c, which is always less than 
cos b cos <^|-co8 A sm b sm e, the value of cos a, since cos A caxmot lie — 1, every 
anffle being less than two right angles. But the less arc has the greater cosine, 
if &e arc M leas than a semicircle : therefore b+c > a. From each of these 
take b, then c > a — b. 
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71. From the first of these, bj transposing cos b cos c, and dividing 

bj sin b sin c, we obtain 

. cos a — cos 6 cose 

cosA= i — .- . ; 

sm sin c 

a formula, which, by means of natural sines, would enable us to find 
an angle, when the three sides are given. 

72. To obtain formulas fitted for logarithmic computation, we get 
from (85), by transposition, 

cos A sin 6 sin c = cos a — cos 6 cos c. 

Subtract the members of this from sin b sin c, and likewise add them 

to it: then 

(1 — cos A) sin & sin c ^ cos b cos c + sin 6 sin c — cos a, and 
(1 + cos A) sin b sin c =r:cos<j — (cos b cos c — sin 6 sin c) ; 

or, by (32) and (31), and by (15) and (14), 

2 sin 2^ A sin 6 sin c = cos (b — c) — cos a, and 
2cos*-|^A sin 6 sin c= cos a — cos(6 + c). 

By modifying the second members of these by (23), and halving the 

results, we obtain 

sin* J A sin 6 sin c= sin J (a — b + c) sinJ(a + 6 — c), and 
cos^^A sin6 sinc = sin]^(a + 6 + c) sin^(6 + c — a). 

In these, put a + 6 + c=:25, asin No. 66 : then, by dividing by sin b 
sin c, and extracting the square root, we get 

BiniA= y^"^'-\>'"^'-^> (88) 

* V smosmc ^ "^ 



_ . /sin« 8in(« — o) 
\iA=^ . , .— ■ — 



cosiA=v^ . ,^- - (89) 

* ^ smosmc ^ '' 

73. Divide (88) by (89), and there wiU result, by (3), 



2. Hence, we may prove that the p^meter is less than 360°, or 2 «r. For let 
h and c (fig, l*l\ be produced to meet in D ; then a <DB+DC! ; add b and c; 
then a+6+c <ABr)-f ACD: but ABD, ACD, are (No. 69, note 3) each 
equal to 180®; therefore a4-6-|-c<360**. 

3. If a and b be each s^ir, and consequently sina£=:sin&=l, and cos a 
= cos 6=0, we shall have, from (85), (86), and (87), A=B=:90®, and <? = C, 
Hence it appears that aU great circles passing through the pole of a great circle, 
are perpendictdar to that circle ; and ine are of a great eirete interested between 
two great circles passing through itspoUy is the measure of the aangle contained 
by those circles, 

4. From formulas (85) and (86), or those derived from them, it is easy to 
show, that B=A, when 6= a, or that the angles at the base <^ an isosceles tri- 
angle are equal; as, by taking a and b equal, the values of cos A and cos B 
would become equal. 
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ta„iA= / ^i^(^-h)f^O-o) 

* V Sin* sin (s — a) ^ 

In a similar manner we should find 

* ^ sm«sm(s — &) * ^ sm«sm(5 — c) 

Dividing these by (90), we get 

tan46 ain(5 — a)* , taniC sin(s — a) ^^^v 

^ — |-r=-^-^^ =^, and. — |-j.5=.^A ^ (91) 

tan^A 8m(5 — o) tan -J A sm(5 — c) 

74. By multiplying the values of tan^ B and tan]^ C in the last No. 

by the value of tan^ A, we get 

taniAtan4B= '"'^^~''\ andtan^Atan^C= ''''^.'~^^ ... (92) 

* ^ sm« * ^ sm* ^ 

76. Lastly, by taking twice the product of (88) and (89), we ob~ 
tain by (30), and by some slight reductions, 

. . 2 V sin 5 sin (5 — a) sin (5 — h) sin(s— ^) .^^^ 

sm sm c ^ "^ 

76. Dividing (93) by sin a, we obtain 



sin A 2 Vsins sin (s — a) sin (5 — h) sin (s — c) 

sina sinasin6sinc 

Now the second member of this equation is symmetrical in respect to 
a, 6, and c, since they all enter into it in exactly the same manner. 

It is therefore equivalent also to . , , or — ; ; and hence, 

^ sm6 smc 

sin A sinB sinC ,^,v 

-t — ="-:~r = "= — (9^) 

sma smo smc ^ "^ 

Hence, sin a : sin A : : sin & : sin B : : sin c : sin C ; 
that is, the sines of the sides of a spherical triangle are proportional 
to the sines of the opposite angles. Hence, also, by multiplying ex- 
tremes and means, we get 

sin A sin 5 = sin B sin a 
sinA sine =: sin G sina 
sinB sinc=:sinC sin 5 



* In this, if a> 6, the denominator is evidently greater than the numerator, 
and 8in«se in the first quadrant the greater angle has the greater tangent, it 
follows that i^ A is > }6, and consequently that A is also> B. It appears, 
therefore, that the greater side has the greater angle opposite to it, 

t This would also appear by finding, as in (No. 75), eznressions for sinB 
and sinO, and diyiding the first by smb, and the second oy sine. The for- 
mulas marked (94) are sometimes called the Formulas of the Four Sines, 
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77. From (85), (86), (87), other important formulas may be ob- 
tained bj elimination. Thus, to eliminate sin c and cos c from (85) 
and (87), multiply the latter by coe h, and substitute the second mem- 
ber of the result in the former: then, by transposing cos a cos ^&, the 
.first member becomes cos a — cos a cos^&, or (6) cos a sin^&; and, 
after dividing by sin 6, there is obtained 

cos a sin5=cos A sin c -{-cos C sin a cos h. 



sine 
sin a 
sinC 
sin A 

cota sin6=cotA sinC-J-cosC cos 6. 



sin c 
Divide all the terms of this by sin a, and for -; — substitute (94) 

; then (4) 



Hence, if we call a the first side, and b the second, it appears that, 
if the cotangent of the first side be multiplied into the sine of the second^ 
the product is equal to the cotangent of the angle opposite to the fi/rst 
into the sine of the contained angle, together with the cosine- of the con- 
tained angle into the cosine of the second side. Then, taking succes- 
sively, as first side and second, a and c, b and a, b and c, c and a, 
and c and b, and employing this theorem, we complete the following 
system : 

cota sin 5= cot A sin C-f- cos C cos 6 (95) 

cota sine =cot A sin B + cos B cose (96) 

cot 5 sina=cotB sinC + cosC cos a (97) 

cot 6 sine = cot B sin A 4- cos A cose (98) 

cote sin a = cot C sin B-|- cos B cos a (99) 

cote sin6=cotC sinA-J-cos A cos 6 (100) 

These formulas exhibit the relations between a side and the oppo- 
site angle, and another side and angle not opposite to one another ; 
and they solve the problem in which two sides and the contained 
angle are given to find the other angles, and that in which a side and 
the adjacent angles are given to find the other sides, the required 
part in each case being found by means of its cotangent ; but they 
are not fitted for computation by logarithms. 

78. By farther elimination, other formulas may be derived from the 
foregoing. Thus, to eliminate b from (95) and (97), multiply the 
former by sin a, and the latter by zinb cos C, modifying the products 
by (4) : then 

cos a sin&=sina cotA sinC + sina cos& cos C, and 
sinaoos&cosC=:sia6 cotBsinG ooBC + ooBaemb cos^C. 
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In the former of these, substitute for sin a cos b cos C, its equal in the 
latter ; transpose the last term of the resulting equation ; and then, by 
substituting in the first member sin^G for l-*cos'G» and bj diyiding 
bj sin Cf we obtain 

cos a sin& sinC=:cotA sina+cotB cosC sin&. 

cos A^ SID o 

In this the term cot A sin a is (4) equivalent to — ; — j — , and (94) 

this is equivalent to — . ^ . Substituting this in the last equa- 
tion, diyiding the result by sin h, and multiplying the quotient by 
sin B, we get 

cos a sin B sin C=:cos A + cos B cos C ; or, by transposition, 
cos A = cos a sin B sin C — cos B cos C. 

Hence it appears, that the cosine of an angle is equal to the con- 
tinual product of the cosine of the opposite side and the sines of the other 
angles, wanting the product of the cosines of those angles. We have, 
therefore, the following formulas, which exhibit the relations between 
the three angles and each of the sides : 

cos A = cos a sin B sin C — cos B cos C (101) 

cosB=cos& sin A sinC — cos A cosC (102) 

cosC=cosc sin A sinB — cos A cosB (103) 

79. On comparing these with formulas (85), (86), and (87), we 
observe a close resemblance, sides being merely changed fbr the op- 
posite angles, and angles for the opposite sides, and one of the terms 
having the contrary sign. These latter equations, indeed, are the 
same as would be obtained by substituting in the others, ^ — A, 
^ — B, AT — C, for a, h, c; and consequently ir — a, *it — 6, cr — c, for 
A, B, C. Thus, (85) would become, by this substitution, cos (^ — A) 
= cos(flr — a) sin (at — B) sin(flr — C) + cos(^ — B) cos(flr — <D); or, 
(No. 15) — cosA= — cos a sinB sinC — cosB x ( — cosC); which, 
by having the signs of its terms changed, will become the same as 
(101). Hence, therefore, since equations (85), (86), (87), may be 
regarded as containing all the properties of spherical triangles, it is 
evident that a formula expressing any relation of the sides and angles 
being established, a corresponding one will be obtained by writing 
sides for angles, and angles for sides, and prefixing the sign minus to 
all the cosines ; or, which is the same, by applying the formula to a 
triangle which has for sides the supplements of the arcs which mea- 
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sure the angles of the proposed triangle, and for angles those which 
are measured bj the supplements of the sides of the proposed one. 
This triangle is called the supplementary or polar triangle.* 

80. Equations (101), (102), (103), enable us to find, bj natural 
sines and cosines^ the sides of a triangle, when the angles are given. 

m\. r i.1. fi X i. xu A ' COSA + COSB COSC 

Thus, from the first of them we denve cosa= .' . ^ — . 

smBsmC 

81. Formulas adapted to computation by logarithms may be de- 
rived from the same system by processes similar to those employed 
in Nos. 72, 73, 74, and 75. Thus, we get from (101), by transpo- 
sition, 

cos a sinB sin C =cos A + cos B cos C. 

Subtltact the members of this from sin B sin C, and likewise add them 
to it : then 

(1—- cos a) sin B sin C = — cos A — (cos B cos C — sin B sin C), and 
(1 +COS a) sinB sinC = cos A + cos B cos C + sin B sin C ; 

or, by (32) and (31), and by (14) and (16), 

2sin2]^asinB sinC=: — cos A — cos(B + C), and 
2cos^^a sinB sinC=cosA + cos(B — C). 



*Let ABO {fig, 18) be a spherical triangle, and from A, B, and 0, as poles, 
let arcs of great circles be described intersecting each other in A', B', and C; 
A'B'C is the polar triangle. For, A being the pole of B'C, the arcs AB', 
AD, AE, &c. are each eqiml to 90^ For thelike reason, CB', OF, &c. are each 
equal to 90°; and therefore, since B'A, B'C, are each equal to 90**, B' is tiie pole of 
the arc G-ACE. Hence, B'E=90'*; and it would be shown in a similar manner, 
that C'D=90». Now, r)E+B'D=B'E=90°, and DE4-EC'=r)C'=90^ whence, 
by addition, BE-j-B'D+DE+EC, or r)E+B'C'=180'». But (page 28, 
note 3) DE=A ; tnerefore B'0'=ir — A : and in a similar manner it might be 
shown that A'C'= «•— B, and AB'= «•— C ; and also that BC =«•— A', AC= 
«•— B', and AB=«— C. 

Any great circle divides the surface of the sphere into two equal parts ; an- 
other mtersecting the first, divides the surface mto four Itmes, the opposite ones 
of which are equal ; and a third great circle intersecting both the former, not in 
the points in which tiiey intersect each other, divides the surface into eight tri- 
angles, the four of which on the one hemisphere are respectively equalto the 
four similarly situated on the other. Hence, if the circles of which A'B', B'C, 
and A'C are arcs, were conipleted, they would form eight triangles. Of these, 
however, only A'B'C, and the corresponding triangle on the other hemisphere, 
have the property mentioned in the text ; each of the others having two sides 
the same as two angles of ABO, and two angles the saine as two ot its sides ; 
while only a side and the opposite angle of the one are supplementixiy to an 
angle and the opposite side of the other. 

The easiest mode of employing the principle above explained, which reduces 
the cases of spherical triangles to naif their number, is, not to consider the polar 
triangle, but to use sides for opposite angles, and angles for opjposite sides, and 
to prefix the sign minus to the cosines ; or, when the halves oi angles or sides 
occur, to use t — ^A for a, r — a for A, &c. 
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By modifying the second members of these bj (22\ and halving the 
results we obtain 

sin^iasinB flinC=— cosi(A + B + C) cosi(B + C— A), and 
cos^^a sin B sin C =-:cosi(A— B + C) cosi( A + B— C). 

Hence, by putting A + B + C = 2 S, as in No. 56 ; by dividing by 
sin B sin C, and extracting ihe square root, we get 

. , / — cos S cos (S — A)* ^,.^.v 

/oos(S— B) cos(S~C) 

C0sia= V— 5^ — . ^ . Ji; ^ ...; (105) 

* "^ smBsmC ^ ^ 

82. By dividing (104) by (105)» we find 

. % / — cos S cos (S — A) ,,^^^ 

tanla=v^ -r^ — p. '^ .^ ^^. (106) 

^ ^ cos(S — B)cos(S — C) ^ *^ 

Also, by taking twice their product, we obtain 

. _ 2V-~coa S cos (S-— A) cos (S— B) cos ( S— C)t ..r.^. 

Sma^—. ; — ^ — : — rr ,(1U7) 

smB smC ^ 



* Since (No. 13) sinB and sin C are positive, the numerator of the second 
member of this formula must also be positive, as otherwise the value of sin ]^ a 
would be imaginary. Now, the numerator will be positive only when cos S 
and cos (S — A) have contranr signs. Of tiie quantities S and S — ^A, there- 
fore, one, namely S — A, the less, must (No. 13) be less than 90°; while S must 
be between 90** and 270®. By doubling these, we find that 2 S, or the sum of 
the ^ree angles is greater than two right anglesyond less than six; and that 
2 S — 2 A, or B-j- C — A, that is, th£ excess of the sum of two angles above the 
third is less than two right angles. The remainder, S — A, or J ifB + C — ^AJ, 
may be negative, since (No. 14) its cosine would still be positive; whence it 
appears, that one angle may he greater than the suan of the other two, which is 
also the case in plane triangles. Some of these conclusions might be easily 
derived from considering the polar triangle in connexion with the notes to 
No. 70. 

t The last four formulas may be derived from (89), (88), (90), and (93), by 
means of the supplementary triangle. Thus, by the substitution of «*— a for K, 
^ — ^A for a, &c. (89) wiU become 

r^ar, a^- / smU3^-(A+B+C)l sinU^~(B + C~A)j . 
cosi(«— a}-^ sin(«r— B)sin(«— C) 

which, by contraction, will become the same as (104). 

By finding expressions, by (106), for tan} 6 and tanjc, and by first dividing 
them, and then multiplying them, separately, by (106), we should get 

tan}6 _ cos(S — B) . 

tan}a"*cos(S^A) •" * ^^' 

tan^c cos(S — C) /,» 

tan^a~~cos(S — A) 

tai.JatanJ6=^^g2iS. (^) 

£ 
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83. We majnow prboeedto investigate four remarkable eixpr^ 
sions, known by the name of Napier's analogies^ from their having 
been discovered by Baron Napier, the inventor of logaritbiai^. To 
effect this, take the members of <101) frokn those of (102)» luad there 
will remain 

cos B — cos A= sin C (cos h sin A— cos a sin B) +cos C (cos B — cos A) ; 

or, by transposing the last term, 

(1 — cos C) (cos B — cos A) = sin C (cos h ain A — cos a sin B). 

By modifying this by (32) and (30), and dividing by 2sin2iC, we 
obtain 

cosB — cosA=cot]^C (cos& sinA-^cOsa sinB). . - 

Dividing this successively by sin A — sin B and sin A + sin B, we get, 
by (27) and (28), 

X 1 r A . -ox i. 1 /^ cos & sin A — cos a sin B , 

tan*(A + B)=cotiC. — ^ — T—r=r , and 

*^ * smA — smB 

1 y A -o\ X 1 /^ COS h sin A — cos a sin B 

tani(A — B) = cotiC. . . . — r-^ . 

*^ "^ " smA + smB 

Multiply the numerators and denominators by sin c ; in the results, 
in both the numerators and denominators, for sin A sin e and 
sinB sine, substitute (No. 76) sma sinG and sin 6 ^G; and 
divide the numerators and denominators by sinG : then 

* i^A . T>\ .,^sinacos6 — cosasinft , 

tani(A'i-B)=eot*G. ; r— 7 , and 

*^ "^ * sma — smo 

. ^ y A -r^N , , ^ sin a cos h — cos a sin 6 ^ 

tan4(A— B>=cCotiC. ; . . , . 

^^ ^ * sm« + sm6 

Modify the numerators by (13), and to the residts appfy (34) and 
(36): then 

1^i(A + B)«coHC.^|g^* (108) 

tanKA-B)=ootiO.||ifc|> : (109) 



>^w«^M 



i^\a\^n\c^———. (^) 

These formulas correspond to (91) and (92), but they aje of little practical im- 
portance. 

• From this formula we may infer, that half the mm of tw&gides of a spheri- 
cal triangle, and half the sum of the opposite angles, are of the same species, 
that is, are either each less or each gr^Zer ikan%Of*^ "Pat (No. 69) any side of 
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^5 



Bj takings tha di^rence of the members of (86) and {8d)i and by 
ft process i^imilar to the {oregdngt* we should obteua 



(110) 



X w , I.X X a cob4(A— -B) 
tan4(a-}-6)=tanio. — fX . t>\ •••'••• 



a triangle, and consequently the difference of any two sides, being less than a 
semicircle, and any ansle bein^ Less than two nght angles, co8|(a-^6) and 
cot i C must (No. 13) both oe positive : and from this it follows that 
tan|(A4-B) and cos^(<»4-&) must nave the same sign, which can take place 
only when J( A+B) and i(a+6) are both greater orlwth less than 90°. It is 
also evident, that if the sum of two aides a and 6 be 180®, the sum of the oppo- 
site angles is the same. For, in that case, cos J (a-|-6) = cos 90**s=50, wliich renders 
the second member, and consequently the first infinite; so that (No. 10) the 
first member is the tan^nt of 90*^. 

* The only difference is, that sides and angles are mutually interchanged ; 
and that, aner the transppsition, there is 1 4-oosc,.instead of 1-— cos C. 

f The foregoing investigation, which the author believes to be new, is very 
direct and sunple, embloying only the common elementajy formulas. The 
following, whicn is taken in substance from a work on trigonometry by Mr. 
Luby of Dublin, possesses much elegance^ but it is more tedious from the 
numoer and variety of the redactions and preparatory processes which it in- 
volves. 



By (88) and (89) we have 



T . , . /sm(«— 

1. SmtAttr^/ j 



sin {s — b) sin {s—c) 



IS 



smo smc 



** V^ srnasm^ 

III. siniC= V?^^i^=^5i«?(?=:*) 

V^ sma sma 



IV. oo6iA= V?i5«^ii= 
'* V^ smo smc 

' 'V smasino 

VL cosiO=y'^'.'^^f-pl 
^ sma sin^ 



) 



Tato^g t^ products of L and V., of IV. and IL, of ly. imd V., and of I. 
and II., and applymg VI. to the first and second products, and III. to the 
third and fourth, we obtain 

IX. cosiAcosiB=5i?.siniC 
* smc * 

X. siniAsinJB = ?iHi^=:£).ftiniC. 

smc ^ 



VII. siniAcosiB=™(?=^.cosiC 

' Sine * 

Vm. cosiAsmJB=:2S!lf=^lcosiO 



smc 



!5^J?u ?^ ^^ difference of VIL and VIII., and of IX. and X., and 
S^ A ^«*f «°^Je^-8 by (12), (13), (16), and (U), and the numeralirs of 
the second mmbers by (20) and (21), usmff \{a+h+6) tot s, i(a+6-,c) for 
«-<?, &c. and 2 sm Jc cos Jc for sine, and there will arise ' ' ' ^ ' 

XI. sinJ(A+B)=22£i2.cosi(<^^) 

cos^c ^ ' 

XII. slnl(A— B)=2£!i£.ftiiil(»-^) 

sinjc ^ ' 

Now, (108) and (109) will be obtained by dividing XI. by^IV., and XlL by 
XIII.; and if XIII. be divided by XIV., and XII. by XL, (110) and (111) will 
be found by multiplying the quotients by tan ^0. 



XUI. cosi(A--B)=r2Si^.«ini(a+ir) 
\ sinjc »^ • / 

XIV. cos i ( A+ B )=:?J^?.co8 \ (a+fe) 

cos 'qC 
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84. The formulas that hare heen inyestigated in the foregoing 
articles famish the means of resolying all the elementarj cases of 
spherical triangles. When applied to rightangled triangles, thej take, 
in general, a simpler form, some of the terms yanishing in consequence 
of containing the cosine or cotangent of the right angle. 

Thus, if C he a right angle, we have (No. 10) cosCi^O, cot 0=0, 
and sin 0=1; and in this case (97) will become cot 6 sina=cotB, 
or, by multiplying by tan 6 (5), sin a = tan 6 cotB ; while, frcun th& 
first and third parts of (94), we derive sin a == sine sin A. 

From (103), by transposition, and by dividing by sin A sinB, wer 
obtain cosc=cot A cot B; and from (87) we derive at once cosc = 
cos a cos &. 

From (100), also, by dividing by cos 6, we obtain cos A=tan& cote; 
and (101) gives cos A = cos a sinB. 

These results may be conveniently arranged in the following form: 

sina = tan5 cotB=zsinc sinA.... (1^^) 

cose =cotA cotB = cosa cos6 (113) 

cosA=:tan& cote = cos a sinB (H^) 

85. From these formulas, by supplying the radius, we have the 
following theorems, which are su£Scient for the resolution of all the 
elementary cases of rightangled spherical triangles. 

I. The rectangle under the radius and the sine of one of the legs, 
is equal to the rectangle under the cotangent of the adjacent oblique 
angle and the tangent of the other leg, or to the rectangle under the 
sines of the opposite angle and the hypotenuse. 

II. The rectangle tmder the radius and the cosine of the hypote- 
nuse, is equal to the rectangle under the cotangents of the obUque 
angles, or to the rectangle under the cosines of the legs. 

III. The rectangle under the radius and the cosine of one of the 
oblique angles, is equal to the rectangle under the tangent of the ad- 
jacent leg and the cotangent of the hypotenuse, or to the rectangle 
under the cosine of the opposite leg and the sine of the other oblique 
angle. 

86. Several useful formulas respecting oblique-angled triangles may 



Another investigation might be had by means of (90) and (106), and of the 

fonntilaa tani(Ad=B)=Y^^^^^^^^, (39) and (40); and other in- 
vestigations will be found in the works on trigonometry. 
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be obtained by drawing their perpendiculars, and applying the for-* 

mulas last found. Th«s, let AD (^fig, 20) be perpendicular to BC. 

Then, putting f to represent CD, we have BD=a— ^; and (No. 

85, III.) 

008 C =z cot 6 tanf ; whence (5) 

tan^=:tan& cosC (1^^) 

87. By considering 6, 9, and AD, in one of the rightangled tri- 
angles, and c, a — p, and AD, in the other, we have (No. 85, 11.) 
cos 6 = cos p cos AD, and cosc = cos(a— ^) cos AD; by dividing the 
latter of which by the former, we obtain 

cose cos (a — 0) •n/»\ 

— r-=z s^ (Alo) 

cos6 cosp ^ 

Hence it appears that ilhe cosines of the seginents intercepted he- 
tween the perpendicular and the extremities of the base are propor- 
tional to the cosines of the adjacent sides of the triangle. 

88. If we now consider p, C, and AD, in the one triangle, and 
a — p, B, -and AD, in the other, we get (No. 85, I.) sinp = 
cotC tan AD, and sin(a— p)=cotB tan AD; whence, by dividing the 
former by the latter, we obtain 

sin® cotC 

sin (a — p) cotB' 

or (5), by multiplying the numerator and denominator of the second 
member by tan B tan C, 

sin^ _ tanB .^^„. 

sin(a — p)""tanC ^ ^ 

Hence, the sines of the segments of the base are reciprocally pro- 
portional to the tangents of the adjacent angles. 

89. By denoting the angle GAD by O, and consequently BAD by 
A — <l>, and by considering b, O, and ^, we have (No. 85, II.) 

cos6=cotC cot*, 

or (5) by multiplying by tan*, and dividing by cos 6, 

tan«=^ (118) 

coso ^ "^ 

90. Now, from C, *, and AD, in the one triangle, and B, A — *, 
and AD, in the other, we obtain cosGnsin* cos AD, and cosBis 
sin (A — *) cos AD; whence, by division, 

COB B sin (A — *) rilQ\ 

cosG"" sin* 
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Hence, the sines of the angles^ caiUained iy the perpendicular and 
the sides, are proportional to the cosines of the fmgles at the base, 

91. Bj like processes, and bj cotisideriiig, first, &, <P, AD, and c, 
A — *, AD; and then 9, *, AD, and a — p, A — a>, AD, we obtain 

cos4> ^tenc ^20) 

co8(A-^a>). jtanft 

tanp _ tana> .^g^. 

tan(a— p) ■"tan(A-^^) ^ ^ 

Hence, fAe cosines of the angles, contained by the perpendicular 
and the sides, are reciprocally proportional to the tangents of the sides; 
and the tangents of those angles are proportional to the tangents of the 
segments of the base, 

SCHOLIUM. 

As was stated in No. 69, a spherical triangle has thus far been understood 
as being the smaller of the two parts into which the surface of a iq^here is 
cLiyided by the three smaller arcs, which join, hy pairs, three points on the 
surface, and not on the same great circle. In strictness, however, this yiew of 
the nature of a spherical triangle, though convenient in practice, is too limited. 
As an arc of a great circle (No. 12) may be increased without limit, so a side 
of a spherical triangle may exceed, not only a semicircle, but even an entire 
circle of the sphere. In like manner, if the half of any great circle continue 
fixed, while another semicircle on the same diameter begins to revolve about 
that diameter fix)m coineidenoe, and thus to make greater and greater angles 
with the fixed one, as there is evidently no limit to the angular magnitude 
thus generated, it is plain that the spherical angle formed by the two semi- 
circles, may exceed two right angles, or any assigned magnitude whatever. 
It is unnecessary, however, to consider fiides that exceed a complete circle, as 
the extreme points of any such side will occupy the same positions, as when it 
is diminished by a circle : and, fbr a similar reason, it is unnecessary to con- 
sider any angle greater than four right angles. 

To enter into a minute consideration of the views thus opened up, would 
he unsuitable to our present Umits ; but the reader who wishes to prosecute 
the subject will find a paper by the author of this work in the London and 
Edinburgh Philosophical Magazine for January, 1837, in which the subject is dis- 
cussed at some length. It may be proper, however, to give here a few illustra* 
tions of the subject, and a few of the results established in the paper referred to. 

1. If in a spherical triangle^ tibeai^le A,'and tiie sides ^ and c containing 
it, be given, and if we make on the surface an angle equal to A, and the arcs 
AC and AB equal respectively to h aaad c, we determine the points B and C ; 
and since these points may be joined by either of the parts of the great circle 
passing through them, there will be two triangles, each answering to the data^ 
and differing in area by the surface of a hemisphere ; and they will be such, 
that if the third side of one be denoted by a, that of the other will be 2«' — a 
This agrees exactly with formula (85), which gives the cosine of the third side 
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by means of A, b, c; and ( 10) cosa is the same as cos (2 * — a). The remaining 
angles would be found by means of (96) and (100), and would thut ha^e two 
values as they ought : and like results would be obtained by means of Napier's 
analogies, or any of the other modes of solring the third case. 

.2, If the three sides a, 6, c, be given, and if we take three points A, B, C, 
such that BC=a, AC=t &, and ABrrc, either of the two parts into which the 
surface of the sphere is divided by AB, BC, and AC, will be a spherical tri- 
angle, having its three sides of the given magnitudes, and consequently agreeing 
with the conditions of the question. It is plain, also, that if A, B, and C^ be 
the angles of one of these triangles, the angles of the other will be 2«' — A, 
2ir — B, and 2«*— C. This result agrees with that which is obtained by any 
of the modes of solving the first, case. Thus, by (85), the angle opposite to a 
would be determined by its cosine, and would therefore be A or 2 «• — A. So 
likewise, since an angle and its supplementr have the same sine, (88) will give 
) A for the one triangle, and vt — ^.A for the other; the doubles of which agree 
with the result of (85). The same results would also be obtained ftom (88), 
by considering, that in consequence of the extraction of the square root, sin^ A 
may be either positive or negative, answering to which we should have either 
I A or — J A. By doubling these we get A and — A ; to the latter of which if 
we add 2 «», we get, by (9), A and 2 <r — A, as before. We have thus an expla- 
nation of the meaning of the double sign db before the square root in this 
formula ; and a like explanation may be given in every- similar case. 

8. When the side a, and the adjacent angles B and C are given, if we make 
the arc BC=a, and through its extremities draw BA, CA making with it 
angles respectively equal to B and 0, the arcs BA, OA will again intersect 
in the point A' diametrically opposite to A ; and if & and c be put to denote 
the remaining sides CA, BA, drawn to the first intersection, those drawn to 
the other pomt A', will be 6+ * and c-\- «* ; results which (No. 18) agree with 
the values of b and c, that would be obtained from (9Y) and (99). The figore 
A'BC is not indeed a tricmgle, in the ordinary meaning of the term, as. two 
of its sides intersect each other in a point between the vertex and the base. 
Stifl, however, it is to be regarded, equally with ABC as answering the con- 
ditions of the proposed problem; which, expressed in other words, is simply, 
to find the lengths of the arcs drawn firom B and C to the point, or points, of 
intersection of those arcs. It will readily* appear, also, tbafr tf A b^ the re- 
maining angle in the one triangle, the corresponding angle in the other will 
be 2* — A ; and this agrees with what would be obtained fix)m (101). 

4. Viewing triangles in this extended sense, we shall see, that, contrary to 
what is stated in ataost all the books on trigonometry, each side of a spherical 
triangle is not necessarily less than a semicircle : that any side is ru>t neces- 
sarily less than the sum, or greater than the difference of the other two : that 
the sum of the three sides is riot always less than the circumference of a great 
circle : that the sum of the three angles is greater than two right angles, and 
Jess than ten* (not than six) right angles : and that the greater side may be 
opposite to the U$» angle. 

* That is, if every angle, according to what is stated at the begiooing of 
this dcholium, be taken less than four right angles. 
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IV.— RESOLUTION OF SPHERICAL TRIANGLES. 

92. Of the three sides and the three angles of a spherical triangle, 
if any three be given, it will appear presently, that we are able to 
compute the remaining three by means of the principles established in 
the preceding section. This important problem presents the six fol- 
lowing cases : 

I. When there are given the three sides. 

II. The three angles. 
III. Two sides and the contained angle. 
lY. A side and the adjacent angles. 

Y. Two sides and an angle opposite to one of them. 
YI. Two angles and a side opposite to one of them.* 

93. The first case, in which the three sides are given, may be re- 
solved, by means of logarithms,! by any of the formulas, (88), (89), 
(90). To exemplify this, let us supply the radius in the first of thesO) 

and we shall obtain 

. ,. /sin(fi — &)sin(« — c)r^ 

sm*A=:v — « . . . — ; 

* sm&smc 

or, as it may be expressed, 

siniA=v 1 -T-r.-: — .sin(« — h) siaCs — c) I. 
^ (sm6smc \ ^ \ ^ j 

By taking the logarithms of both members of this, we find (No. 50) 

log sin iA= i J 10— log sin 6-}- 10 — log8mc-[-logflin(5— 6)+logflin(5— <j)J J(122) 

In a similar manner, we find, from (89) and (90), 

log cos I A=} 
logtan^A=| 



10 — logsin64-10 — ^logsin<?+logsin5+logBm(« — a) J (128) 

lO—log sin 5+10— log8m(«--a)-j-Iog8m(5—6)-{-logsin(a — c)J(124) 

This last formula, expressed in words, gives the following theorem : 
1. Add the three sides together, and take half the sum. 2. From 



After reading what is given in section Y. regarding the areas of spherical 
triangles, the stadent win see, tiiat the principles here exnlained will illus- 
trate IilhuiUier*s formula, and otiiers in that section regaroing the spherical 
excess. 

* Both the fifth and sixth cases might be coxnprehended in one, the same 
as the first case of plane triangles. By means oi the polar triangle, also, the 
six cases may be reduced to t&ee, the same as in plane trigonomeiaT*. 

f No mention is made here, or in the following cases, of any solutions except 
those by means of logarithms; the solutions by means of natural sines or tan- 
gents being now scarcely ever employed. 

^ It is evident firom (No. 11), liiat, P being any arc or anele, we may use 
logcosecP— 10 instead of 10— logsinP, and logsecP— 10 mstead of 10— 
log cos P. 
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the half sum subtract successively the side opposite to the required 
angle, and the sides containing it. 3« Find, from the tables, the 
logarithmic sines of the half sum and the three remainders. 4. Add 
together the sines of the last two remainders, and ilie complements 
to 10 of the sines of the half sum and the first remainder. 5. Take 
half the sum, and find in the table of logarithmic tangents the angle 
answerifig to it. 6. The double of ihia will be the required angle. 

The student will find it easy and useful to express (122) and (123) 
in like manner in words. 

A formula, for the same purpose, may be derived from (93) ; but 
it is of scarcely any use in practice ; because, besides other inconve- 
niences, it fails in determining whether the angle is acute or obtuse. 

94. When one of the angles has been found by (124), the others 
are derived from it by means of (91), which gives 

logtan^6=:logtan^A+logsin(5 — a) — ^logsin(« — 5). ..(125) 
logtan^Crrlogtan^ A+logsin (s — o) — ^logsin(«— c). . .(126) 
From this it appears, that to the tangent of ^ A, premously found, we 
are to add the sine of $ — a, and from the sum to subtract successively 
the sines of s — ( and s — c, to find the tangents of ^B and ^G. 
This operation is extremely simple and e£^y, the sines of s — a, s — h, 
and s — c, having been all taken out of the tables in the finding of A. 
In like maimer we have from (92), 

logcot^Bzzlogsin^+logtaniA — ^logsin(« — c) (127) 

logcot^Cislogsin^+logtanJA — ^logsin(s — 6) (1^8) 

These formulas give the solution with equal facility. 

When only one angle is required, it may be found perhaps rather 
more easily by (122) or (123), than by (124). Of these two formu- 
las, (122) is preferable when the angle is small, and (123) when it is 
large, as the half angles can thus be found with more accuracy from 
the common tables.* 

It may be farther remarked, that when one angle has been found, 
the rest may be computed by the formulas of tlie Four Sines, though 
not nearly so easily as by (125) and (126), or by (127) and (128). 

95. The second case, in which the three angles are given, may be 



* Thus, in tables carried out to five places of decimals, 9*99098 appears as 
the sines of 89*^ 24', of 89° 31', and of all the intermediate angles ; and thecalca- 
latOT would have no means, by such tables, of knowing which he should prefer. 
Besides, even when the minutes might be determm^ the seconds, or other 
fractional parts of minutes, could not be 43ompnted with any tolerable degree 
of aecnracy by means of proportional parts, even with better tables, in the 
ea^es referred to. 

F 
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resolved by means of the formulas hi Nos. 81 and 82 ; and the re- 
marks in the preceding No. are applicable, with slight modifications, 
in reference to this case. 

96. In the third ccue, in which two sides and the conUnned ctngle are 
given, the other angles may be found bj (108) and (109). Thus, 
taking the logarithms of the members of those equations, we have 

logtani(A+B)=logcotiC+logcosKa— 6)— logcos^a+5)*..(129) 
logtani(A— B)=logcotiC+logsini(a— 6)— logsini(a+6)...(130) 

Half the sum and half the difference of the angles being thus found, 
and thence the angles themselves, the remaining side may be com- 
puted bj the rule of the Four Sines ; or, in a preferable manner, by 
finding ^c by means of (110) or (111). 

97. If, with these data, the third side only he required, as is often 
so in the actual application of spherical trigonometry, the solution will 
be effected with more ease by employing an auxiliary arc, according 
to (115) and (116). Thus, by supplying the radius and taking the 
logarithms, we obtain from these formulas, 

logtan9=logtan&+logcosG — 10 (131) 

logcoscz=logcos6+logcos(a — f) — ^logcosf (132) 

It is evident that a and h might be mutually interchanged in these 
formulas, since they bear the same relation to the contained angle. 

98. In the fourth case, in which a side and the adjacent angles are 
given, the remaining sides may be found by means of the following 
formulas derived from (110) and (111): 

logtani(o-l-5)z=logtanic-hlogcosi( A— B)— logcos^ A+B) . (133) 
logtani(«— 2>)=logtanic+logsini(A— B)— logsini(A-l.B).(134) 

The sides being thus determined, the remaining angle may be found 
by the rule of the Four Sines, or, in a preferable manner, by means 
of (108) or (109). 

99. Should only the third angle be required, it is most easily found 
by means of the following formulas derived from (118) and (119), the 
given parts being marked h. A, and G : 

logtan*=logcotC+10 — hgcosh (135) 

logcosB=logcosC+logsin(A — *) — ^logsin^... (136) 

100. In the fifth case, in which two sides a and b, and an angle, 
A, opposite to one of them, are given, the angle B opposite to the other, 
is found by the following formula derived from (94): 

logsinB=logsinA+logsin& — ^logsina (137) 
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B being thus found, o and G will be determined by the following for- 
mulas, derived from (133) and (129) by transposition: 

logtan4c=logiant(o+6)+logcosi(A+B)— logcosi(A— B) (138) 
logcot]^C=logtan]^(A+B)+logco8^(a+6)— logcos|(o— 6) (139) 

It is evident that (134) and (130) would give formulas answering 
the same purpose. 

101. The species of B, when not doubtful,* is known by the fol- 
lowing rule: 

When the sum of the given sides is less than 180^, the angle oppo- 
site to the less side is acute ; but when the sum of those sides exceeds 
180^, the angle opposite to the greater side is obtuse ; and, lastly, 
if ,the sum of those sides be 180°, the sum of the opposite angles is 
the same. When these principles fail in determining the species of 
the angle, it is doubtful.! 

102. The third side c miglit also be found by the following for- 



* It may be proper to remark here, that the required part^ either in plane or 
spherical trigonometry, ia never doubtful, except when it is found by means 
of its sine. To understiEtnd the reason of this, it is only necessary to consider, 
that if the required part be determined by means of its cosine, it must (No. 13) 
be in the first quadrant if the cosine be positive, but in the second, if it be nega- 
tive : and the same holds when it is round by means of its tangent or co- 
tangents 

f This rule, which is taken in substance from Cagnoli, is derived from the 
first note to No. 83, and from the note to No. 73. Thus, by the former note, 
if the sum of the sides be less than 180**, the sum of the opposite angles is also 
less than the same, and, therefore, at least the less of them is less tiian 90°; 
but, by the latter note, the less is opposite to the less side, which establishes 
the first part of the rule. The proof of the second part is exactly similar, and 
the thira part foUows at once worn the first of the notes referred to. 

The nature of this case, when doubtful, will be illustrated by figures 21 and 
32 ; the angles A and A' in the former being acute, and in the latter obtuse^ 
In the former figure, if the side a be less th^ either b or its supplement A', 
a small circle described at a distance from C equal to a would cut ABB' A' 
in two points B and B', and therefore there axe two triangles, ABO, AB'C, 
either of which answers the conditions of the question. It will appear, from 
the other figure, that a Uke ambigiiity will exist when a is greater tnan either 
b or its sup])lement. It is also plain, that in the former figure a might be so 
small, ana in the latter so large, that the solntion would to impossiDle, tiiere 
bein^ no triangle answering to the data. It appears, therefore, that when 
the given cunqle is acute, there is ambigmhf onJl^ when the opposite side is less 
than exther me other side or its supplement; and that, when the given angle is 
obtuse, there is ambiguity only when the opposite side is greater than either the 
other side or its supplement. When there is no ambiguity, the species of the 
required angle may he known by the principle, that the greater angle is opposite 
to the greater side. Some may, perhaps, prefer these principles to the rule 
jy;iven m the text. It may also be remarked^ that in each figure, if the small 
circle merely touch ABB' A', the triangle will be rightangl^, and there will 
be no ambiguity. 
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mulas, deriTed from (115) and (116), bj cfaangmg C into A, a into 
c, and c into a: 

logtanf=Iogtan&-f-logcosA — 10 (140) 

Iogcos(c — ^)*=logco8a+logcosp — ^logcos& .... (141) 
The latter giyes the difference of c and f ; and c will be the sum or 
difference of f and c — (p, accordingly as (No. 101) A and B are of 
the same or of different species. If the species of B be doubtful, either 
the sum or difference may be taken. 

103. The angle G, contained by the given sides, might also be fomid 
by the following formulas, denved from Nos. 89 and 91 by making 
the necessary interchange of letters: 

logtan*=logcotA+10 — logcos& (142) 

logcos(C — *)=ilogtan6+logcos* — logtana ... (143) 

When A and B are of the same species, G is the sum of ^ and G — ^ ; 

otherwise, it is their difference. 

104. In the sixth case, in which two angles, A and B, €md a side, 
a, opposite to one of them, a^re given, the side, h. Opposite to the other, 
is found thus, by (94) : 

logsin6=logsina+logsinB— logsin A (144) 

Having thus found b, we may find c and G by (138) and (139). 

The species of h, when not doubtful, will be known by the follow^ 
ingrule: 

When the sum of the given angles is less than 180^, the side oppo- 
site to the less is less than 90^; but, if the sum of those angles exceed 
180^, the side opposite to the greater angle is greater than 90°; and, 
lastly, if the sum of the given angles be 180*, the sum of the oppo- 
site sides is the same.t 

105. The angle G might also be obtained in the following manner, 
i>y (118) and (119), after the necessary changes in the letters: 

logtan^=:logcotB-|-IO — ^logcosa (145) 

logsin(G — «>)=ilogffln^-l-logcos A — logcosB ... (146) 



• Or ^— «, when ^ is greater than e ; and the some is to be observed through- 
out this page and the next. In like manner, instead of G — *, we are to use 
4 — 0, wnen « is greater than 0. 

f This rule is also taken in sulMstance from Oagnoli, and is founded on the 
same principles as the rule given in No. 101. 

If C^ (fy, 2 1 and 22 ) be equal to the given side, A, and consequently A' to the 
opposite angle, and ABO to the other given angle ; then, if from C two equal 
arcs, CB and CB', can be drawn to ABA', either of the trianfl^s ABG, A'BG 
will answer to the data of the problem, the angles ABG, ATB'G being equal 
in ccmsequence of the equality of GB, GB; and thus we have an illustration 
of the nature of this case, when doubtful, shnHar to that given of the fifth case 
in the note to No. 101. 
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^ and G '^ <X> are of the same or of different species, accordingly as (No. 
104) a and h are; also, the sum or difference of ^ and C-^<E»«is to 
be taken, accordingly as A and B are of the same or of different species. 

106. The side <j, adjacent to the given angles, may be found thus, 
from (115) and (117), after duly interchanging the letters : 

logtanf=logtana+logcosB — 10 (147) 

logsin(c — f)^logsm<p+logtsaiB — logtanA ... (148) 

The arcs <p and c~-^ are of the same species or not, accordingly as a 
and b are ; and c will be their sum or difference, accordingly as A and 
B are of the same or different species. 

107. The resolution of rightangled triangles is effected much more 
easily by means of formulas (112), (113), (114), than by the princi- 
ples that have been just established. If we consider these formulas 
in connexion with the triangle ABC (Jig. 19) rightangled at C, ne- 
glecting the right angle, and attending only to the five remaining 
parts (the three sides and the oblique angles), we shall perceive, that 
any of these parts that stands in the first column, in these equations, 
is situated, in the triangle, in the middle between the two parts in the 
second column, and that it is separated by these parts from those in 
the third column. It will also be perceived, that there are, in the first 
colunm, the sine of a leg and the cosines of the other parts ; in the 
second, the tangent of a leg and the cotangents of the other parts ; 
and in the third, the cosines of the legs and the sines of the other 
parts : and hence, supplying the radius in the first column, we may 
form the following general rule, which will serve for the resolution of 
all the cases of rightangled spherical triangles : 

I. Of the required part and the two given parts of the triangle, let 
that which is either adjacent to the oliier two, or is separated from 
them on each side by an intervening part, be called the mean; and if the 
other two be separated from the mean, let them be called remote parts; 
otherwise, let them be called adjacent parts. 

II. Then, with the exception mentioned below, the rectangle under 
the radius and the cosine of the mean, is equal to the rectangle under 
the cotangents of the adjacent parts, or to the rectangle under the 
sines of the remote parts. 

III. Exception* When a leg is one of the parts, its sine, tangent, 
and cosine, must be used respectively instead of its cosine, cotangent, 
and sine.* 



* These rules are, in efftet, the same as those generally known by the name 
oiNapiw*8 BMks for m Ci/mdar Farts; but they are ezpressea somewhat 
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108. It will appear, firom No. 104, that when the parts given are a 
leg and the opposite angle, the results are douhtful. In other cases, 
the species of the required part is determined either bj means of the 
sign (plus or minus) prefixed to its cosine, tangent, or cotangent ; or 
bj the principle (deducible also from No. 104), that a leg and its op- 
posite angle are of the same species. 

109. A triangle which has one of its sides a quadrant, is called a 
quadrantal triangle, or, by some, though not verj properly, a recti- 
lateral triangle. The general formulas, when applied to triangles of 
this kind, become as much simplified as in their application to right- 
angled triangles, and a rule similar to that given in No. 107 might be 
readily formed for their resolution. As such triangles, however, do 
not frequently present themselves, and as the use of them may be 
always avoided, it is unnecessary to give a special rule ; as it will be 
sufficient, in any particular case, to obtain, in a rightangled triangle, 
a formula expressing the relation of the parts opposite to the two 
given parts and the one required ; and then to change, in the formula 
thus obtained, sides for the opposite angles, and angles for the oppo- 
site sides ; and to prefix the sign minus to the cosines, tangents, and 
cotangents. Thus, o being a quadrant, if A and B were given to find 
what has been called the hypotenusal angle, C, we should have, by 
considering the three parts, a, &, and c, in a triangle rightangled at 
C, cosozrcosa COS&; whence, by the changes above mentioned, we 
obtain, in the quadrantal triangle, — cos G= cos A cosB, or cosC 
— — cos A cos B, The reason of this is manifest from No. 79.* It 
may be remarked, also, that whenever a quadrantal triangle occurs in 
an investigation, there is some rightangled triangle which may be 



differentlY, and will perhaps be found rather easier in practice, as they give the 
required formolas more curectly. Delambre, in the yalaable article on sphe- 
rical trigonometry, in the first Tolome of his ^^Astirmonde Thhriqm et 
Pratique,* discountenances the use of Napier's Boles. Those given above 
are free from some of the objections which ne ofiers against those commonly 
employed ; and it is probable that few, except experienced calcolators, would 
wish to forego the use of -so very convenient a help to the memory. The mere 
beginner wm perhaps derive assistance in discovering, in any particular case, 
which are the mean, the adjacent and the remote parts, by writing, at nearly 
equal intervals round the circumierence of a circle, the several parts, a, h. A, 
c, and B. 

In Napier's Rules in their common form, the circular parts are, the legs, 
and the complements of the hypotenuse and the oblique angles : then, 1, " The 
rectangle of the radius and the sine of the mean is equal to the rectangle of 
the tangents of the adjacent parts ; and, 2, to the rectangle of the cosines of 
the remote parts." 

* The following formulas, which may be derived from (U2), (113), (114), 
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employed instead of it, and which will give the same results that 
would be obtained by means of tlie quadrantal one. 



EXAMPLES OF THE RESOLUTION OF SPHERICAL TRIANGLES. 

110. Given a=100«, 6=37^ 18', and 0=62° 46'; to find the an- 
gles. 

By adding the three sides together, we obtain 200° 4', the half of 
which, 100° 2\ is s. Then, taking from this, first a, then h, then c, 
we find «— az=2', 5—6=62° 44', and «— c=37° 16'; and the angle 
A is found by (124) in the following manner: 



8in« 




100® 2' 


9-09331 


sin{« — a) 




2 


6-764T6 


sin (5 — b) 




62 44 


9*94884 


8in(« — c) 




3716 


9.Y8213 




2)22*97290 


tanJA 




88® rss" 


11*48645 




A= 


=176® 16' 46" 





} 



subt. 



Then, according to (126) and (126), we have tan^A + sin(s — a) 
= 11-48645 +6*76476 =18*26121; and taking from this, first, 
8in(fi— 6)z=9*94884, and, secondly, sin(«— c)zz9*78213, we find 
tan ^B= 8*30237, and tan^C=:8*46908: whence, by the tables, we 
get|Bz=l° 8' 57", and iC=zl° 41' 13", the doubles of which are 
B=2° 17' 54", and C=3° 22' 26". 

In the first part of the foregoing operation, as in many other com- 
putations in trigonometry, the method of performing addition and 
subtraction at a single operation, in the manner pointed out in No. 60, 
may be employed with adyantage. 

As a check on the preparatory part of the process, it may be ob- 
served, that, as in plane triangles, the sum of the three remainders, 
9 — a, «— 6, JT— c, is equal to the half sum s. 



in the manner above mentioned, or from the general formulas of spheri- 
cal trigonometry, by taking cr=90®, will resolve ajl the cases of quadrantal 
triangles : 

8inA=: tanB cotd= sin C sin a 

co8C=— cota cot 6= — cos A cos B 

cos a =— tanB cot 0= cos A sind 
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The following are the computations of A hj'(l22) and (123): 





By (122). 






By (123). 
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88® r 9-99976 
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:176<>14' 


A= 


176« 16' 46"* 






1 



111. Given A=139» 27', 6=53° 39', and 0=34° 5'; to find the 
sides. 

Here we have 8=113° 35'^, S— A=— 25° 51'i, 8—3=69° 56'^, 
8—0=79° 30^^; and by means of No. 81 or 82, we find a= 
126° 34', 6=96° 46', and c=43° 49'. 

112. Given A=42° 43', 6=45° 51', and c=141° 17'; to resolve 
the triangle. Here, by taking the sum and difference of c and 6, and 
halving them, we get i(c+6)=93° 34', and ^(c— 6)=47° 43': and 
the half of A is 21° 21'^. Then, by (129) and (130), 

logtani(C+B)=logcot^A+logcosi(c — 6) — logcosi(c+ 6), and 
logtani(C — B)=logcot^A+logsin^(c— 6) — log sin ^(c+ 6); 

whence, by performing the actual operation, we find i(C+B)= 
92° 4'i,t and i (C— B)=62° ll'J; and by taking the sum and dif- 
ference of these, we get C=154° 15'^, and B=29° 53'. 

113. To find the side a, we have, by (131) and (132), 

logtanp=logtan6+logcosA — 10, and 

log cos a=logcos 6+logcos (c— f ) — logcos^* 



* In this example, as A is very obtase, the use of (123) is much preferable 
(No. 94) to that of (122); as the former enables as, even by tables carried to 
only five places of decimals, to find, by proportional parts, the result true to se- 
conds ; while the other does not give it, oy such tables, lame even to the nearest 
minute, there being at least two sines such that we should not know which to 
prefer. In what follows, the answers will generally be given true only to the 
nearest minute. 

f In the equation from which this is obtained, jr A and \{c — 6) being each 
less than 90°, the cotangent of the former, and the cosine of the latter, are 
(No. 13) both iiositive ; but i(<H~6) being greater than 90^ its cosine is nega- 
tive. Hence, since the product of two positive quantities is divided by a nega- 
tive one, the quotient, tani(C-{-B), must be negative, and therefore (No. 13) 
l(C-)-B) is greater than 00^ For a similar reason, in No. 113, a in both 
methods, an<r ^ in the second, are to be taken in tiie second quadrant, and are 
therefore the supplements of the values given by the tables. It may be stated 
as a general jprinciple, that an odd number of negative multipliers or divisors, 
or of Doth, gives a negative result; whfie in other cases the result is positive. 
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From the first of these we find 9=37^ 7% by subtractmg which from c 
wegete—<pz=zl04P 9'|. We then obtain from the second a =1020 20^^, 
We should also have fi-onji (131) and (132), 

logtan^r=logtanc-|-logcosA — 10, and 
logcos w=logcosc +logcos(5 — f )— *logcosp ; 
from which we should find ^=149° 30'^, 6— p=— 103^ 39'^,* and 
a=102° 20'^, as before; these yariations thus verifying one another. 
When B and C are determined, as in No. 1 12, by Napier's analogies, 
a may be computed (No. 104) by, either of the following formulas: 
log sin a = log sin A +log sin 6 — logsinB 
log sin a = log sin A +log sine — logsinC. 
These formulas fail, however, in determining the species of o.t It is 
better, therefore, to use one of the following, derived from No. 08: 
logtan^a=:logtani(c4-6)+logcos^(C+B)— logcosi(C— B) 
logtanJa=logtani(c— 6)+logsin^(C+B) — logsinJ(C — B). 

114. Given 0=46° 16', 6=73° 8', A=:37« 64'; to resolve the triangle. 
Here we have (137) log sin B = log sin &+log sin A -r- log sin a ; 

whence B=64o 27', or 126° 33', the rule in Np. 101 failing to deter- 
mine the species of B, the sum of the given sides being less than 180^ 
and the angle opposite to the less being the given angle. Now, from 
(138) and (139), if B be taken =64o 2T, we find c=:100« 16', and 
G=:123« 13'; but if B=125« 33', we find c=37^ 41', and C=3P 19'. 
Were the angle G the only part required, we should find (142) 
o = 77° 16'i, and (143) the difference of C and * = 45<' 57'. Hence, 
since this example belongs to the doubtfiil case, G will be either the 
sum or difference of these, and will be found to be nearly the same as 
before. In a similar manner c might be found by No. 102. 

115. Given G=90^ a=133P 4', and A5;=11P37'; tofindc, h, and B, 
Here, in finding the hypotenuse c, a is the mean, and A £Uid c 

aj*e the remote extremes; and therefore, by No, 107, or formula (112)^ 
r8in«=«in A sine, or. by taking the logarithms, and trauspoeing, 

log sin c == log sin a -f- 10 — ^log sin A, 
an equation which (No. 104) gives c=:5V 48', or 128° 12', 

* By No. .14, the cosine of thip. is the same as that of the positive ar^ 
103° aO'J. In practice, [indeed, m this problem, it is sufficient to employ the 
diffeccfnce of 6 and ^, without attending ta its sign. 

f It is somewhat /cuidons that the rujb given in No. 104 always determines, 
in the sixth case, the species of the required side, when it is not doubtful; and 
yet that, as in the present instance, it sometimes fails in the third case, when 
solved in the method last pointed out, though that case can never be doubtfal. 
This circuTU stance forms a strong objection to the use of this method, in finding 
the renukining side, either in the thuxl or fourth case, or in the second 

a 
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In findiug &, that side is the mean, and a and A are the adjacent 
ertremes. We have, therefore(Na 107), rsin&sztanacot A;irhence, 
bj taking the logarithms and transposing, we get 

logsin&=logtana+logcotA — 10, 

an expression which gives (=25^ 5^ or 154^ 55'. 

Lastly, in computing B, A is the mean, and a and B are the re- 
mote extremes; wherefore (No. 107), rcosA=sinB cosa. Hence, 
bj taking the logarithms and transposing, we obtain 

logsinB=logcosA+10 — log cosa; 

whence B=32» SO', or 147^ 21'. 

EZSBGISES IN SPHERICAL TBI0ONOMBTRY. 
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«lv«n. 
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a = 56* ir 


A= 62*32' 
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B = 145 5 




C = 


40 40 


c = 


43 39 




€ =z 113 48 


C = 79 38 




b = 
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A = 
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2. 


A = 47 
B s 136 21 
= 88 84 


a = 16 24 
b = 164 36 
« sr 157 22 
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C =r 
A =r 


9 27 

136 21 
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a = 78 41 


A !=r 133 15 
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90 





a = 


91 42 
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c 140 22 


e s 120 50 
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a =: n 45 
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53 
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A = 


66 40. 




B = 104 5 


b =3 102 17 
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90 





« = 
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6. 


a = 136 25 


A = 123 19 


12. 


A = 


75 36 


e =s 


31 51 
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B = 62 6 
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90 





b = 


68 10^ 




C == 100 


b =z 46 48 
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64 


3 


G = 


34 38 


6. 


b = 124 53 
e == 31 19 
B = 16 26 


a = 155 85i 
= 10 19i 

A =r 171 48} 
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36 54 
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40 
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t=s 88 53 




C =r 


50 
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93 41 
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A = 103 16 
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60 





A = 


56 52 




B =: 76 44 


e s 164 50 




b s 


80 





B» 


73 18l 




5 sr 30 7 
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s: 149 80 




e s 


100 





G^ 


107 47 



* This may be found by subtraction, according to No. 104, shioe the sum of 
the given angles is 180*. 
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v.— MISCELLANEOUS INVESTIGATIONS * 

116. Fbom the three sides of the spherical triangle ABC (fig. 20), 
the segments of the base made bj the perpendicular AD may be 
determined in the following manner, without calculating the angles : 
Putting CD=^, we have (No. 87) cos(a — p) : cosp : : cose : cost; 
whence we obtain, by composition and division, cos (a — p) + cosp : 
cos(a — p) — cosp : : cobc+cos6 : cose — cost, or 

coB(a — f>) — cosy cose — cost 

cos(a — f)+oosp 00SC + C09&' 
which, bj (2S) and the note to (5), becomes 

tan^a tan(p — ^a)=tanj(5+c) tan^(& — c)... (149) 
Bj converting this into an analogy, we obtain tan^a : tan^(&+c) : : 
tan^(& — c) : tan(p — ^a). The quantity f — \a is the distance 
from the middle point of BG to the point D. Since f — \a is found 
by its tangent, it may (No. 13) be taken, if positive, either in the first 
or third quadrant, and if negative either in the second or fourth.t 
The two values thus found will give the two pohits in which the per- 
pendicular, continued round the sphere, cuts BG similarly continued. 
The values of the segments will indicate whether either part of the 
perpendicular Mis within the triangle. 

The segments of the base being thus determined, the angles of the 
rightangled triangles ADB, ADG may be calculated ; and thus we 
have another method of solving the first case, in addition to those 
given in the last Seodon. 

117. Putting the angle GAD=*, we have (No. 90), sin«» : 
sin (A — <b) :: cosG : cosB; whence, by composition and division, 
by (24) and (25), and by the note to (6), 

cotiAtan(*— iA)=tanJ(B+C)tanJ(B— C)... (160) 



* The theory of the most upual modes of resolying the seversvl cases of spheri- 
cal trigonometry has now been established. As many examples and exercises 
haye sQso been ^ven, as will enable the student to ef^t the necessary compu- 
tations in any eSmentary problem iiSi thk important braneh of flcienee. It may 
now be proper to subjoin some curious and interesting matter of a miscellaneous 
kind, wnicn could not with propriety be introduced before. A considerable 
part of this will ofi;en be found practically useful ; and tiie investigatdonB will 
afford the student exercise in the application of the principles a&eady esta- 
blished. Should his time b^ limited, noweyer, or should he wish to study only 
those parts of spherical trigonometry that are necessary in astronomy, he may 
omit this section altogether. 

t When tan (^—4 a) is negatiye, one of the yalues of ^ — \a might be taJken 
negatiye, and the other in the sec<md quadrant. This, however, would make 
i|o ehange in ih$ final results. 
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The quantitj ^ — ^ A is the angle contained bj the perpendicidtt' and 
the line bisecting A; and observations similar to those at the end of 
the last No. are applicacle with respect to the different values of this 
angle. We have thus another method of solving the second case. 

118. We have also (No. 91) cos(A — *) : cos* :: tan& : tanc; 
whence, bj composition and division, 

co8(A — *) — cos* tan6 — tanc 
A — *)4-cos* tan 6 4" tan o' 

Multiply the numerator and denominator of the second member by 
cost cose; then, by modifying the result by (13) and (12), and the 
first member by (25), there is obtained 

tan(<I>— ^ A) sin(&— c) 

cotiA — sinC6 + c)"*^^^^ 

This result affords an easy means of determining the parts of the 
angle A; and thence, by liie rightangled triangles ABD, AGD, we 
have another method of solving the third case. 

119. It was shown in No. 88 thatsin^ : Bin(a — 9) :: tanB : 
tanC ; whence, by a process nearly the same as that employed in the 
laflt No. we obtain 

tan(p— jg) sin(B— C) ..^^^ 
tania -sin(B + Cy'^^^^^ 

This formula affords an additional method of solving the fourth 
case. 

120. Let AD (Jig. 24) bisect the angle A, and let GDssb', and 
BD=c'. Then (94) 

sin 5 sin ADC . sine sinADB 

smo' sm^A smc' sm^A 

.But (No. 16) sinADBsssinADC: wherefore, 

sin& sine . ^- sin6 sinft' ^^^nx 

-T-rr7=-r— ,, aud consoquently -: — =-t--, ... (163) 
Bm6' smc' ^ "^ smo emcf ^ ^ 

This result will be seen to be analogous to Euc. VI. 3 ; and it 
will furnish the means of computing the segments when the sides are 
given: for, by composition and division, and by (24), ^e have 

\K^\(h^c ) _ \^\(y^) 

tani(5 + c)- tan^a ''' ^^^^^ 

121. If the exterior angle formed by producing h through A, were 
bisected by a great circle cutting the base produced in !>, and i 
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Ciyr=6", and BJy=:&\ we should have by (94), since half the ex- 
terior angle is the complement of ^ A, 

sin 6 siniy , sine sin IK , 

-I— Tr,=' — TT* and . ■■■ ;■ = — r-r; wnence, 

sm6" cos^A smc" cos^A 

BXnh sine , . sin6 sin6" , ,ii?cv 

dKF=SE^' '"•*• «»^«ently, -;-^=-Jp •.• (155) 

We should also find, by a process nearly the same as in the last No. 

tapi(&-^c) _ tan^g ,^^. 

tani(6 + c)— tani(6"+cO •" ^^^/ 

122. Let AD (fig. 25) bisect the side BC, and let the angle 
BAD=:B', and CAD=C', Then (94), 

sine sinADB , sin'& sin ADC 

and 



sinj^a sinB' ' sin^a sinG' 

Divide the latter of these by the former, and since (No. 15) sin ADB=: 
sin ADC, we get 

sin 6 sinB' „r^v 

-T— =-T-7^, (157) 

smc smC ^ ^ 

From this we obtain, as in No. 120, 

tani(5-c) tani(B^.^CO .. 
tani(6+c)- tSSp: ••• ^^^^^ 

The learner may exercise himself in extending the formulas ob- 
tained thus far in this section to the triangles formed by continuing 
the sides of the triangle ABC till they meet ; and, by expressing' the 
sides and angles of these triangles in terms of a, h, o. A, B, C, and ^r, 
he will find analogous, and, in several cases, interestmg results. 

123. Several formulas, remarkable for their symmetry, may be de- 
rived from (88), (89), (90), (93), and (104), (105), (106), (107), 
by finding the corresponding expressions in relation to b, c, B, and C. 
In investigating these, for the sake of brevity, put 

Vsin« sin(« — a) sin(s — h) sin(« — c):szn, and 

V— cosS cos(S— A) cos(S— B) cos(S— C)=N. , 

124. Let now the continual product of the values of sin^ A, sin^B, 
and sin^C (88) be taken, and there wiU result, by actual extraction 
of the square root, 

sm4A sm4B sm*C= 4 \ , : ^ ^... (159) 

" * * smgsmosmc ^ "^ 
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This, by multipljiDg tbe numerator and denominator by sin s, becomes 

siniA sin^B sin4C = -: . ^\ , . ... (160) 

. sm« sma sm6 sine 

125. In a similar manner, from the yalues of cos^ A, &c. (89) we 
obtain 

C0S^AC084B 00840=*: . ^ . (161) 

* sma sino sine ^ 

126. In like manner, bj mnltipljing together tan^A, tan^B, 
tan-^G (90), and contracting, we find 

tanjAtan^B taniC=y ^(^> '^<^'> "■^<'-^> .. (162) 
Multiply the nmnerator and denominator by V sin « ; then, 
tanJAtaniBtanJC= .**, (163) 

127. In like manner, from (93), we find 

8n' 

sinAsinB 8inC= . ^^ » ar"-^ ' ...•.(164)' 

sm^a sm^ft srn^c ^ ^ 

128. By processes exactly similar, we obtain from (104), (105), 
(106), and (107), 

' smAosin46sm^c= . , . _., ^ .......... (165) 

* ' ** sinA.smBsinO ^ "^ 

1 m 1 <503(S^A) cos(8— B) co8(S— C) ,,^^. 
coBiacosihcoBi€==-^ ,j;,A;inBsinG (^^^> 

COB Ja oos|6 co6ic«_^^g g-gj^^ ^^^ ^^^... (167) 
, ,, , / — cos'S cos^S,^ ' 

' . 8N* 

dndsin^ siniat-r-r^T — . ,t> » ^/^ .*...•.. (169) 

sm?A sm'B sm^C /^ ^ . - 

129. FrcHtt (164) and (169) we find 

. fiK^sin^a fiin3& sin^c sinA sinB sinC)^ ... (170) 
Ns^sin^A sin^B sin'C sina sin& sinc)l ... (171) 

130. Divide (170) by (171) ; then, 

n jf sing sin^ sine \ i sing* sin 6 sine /i 7o\ 

N \mnA sinB sinO/ "^sinA sinB sinC '*'* ^ ■ ^ 



* This en)ression and tlie two following, are obtamed from the preoediXig 
radical, on the principle (94), that 

{ ang sinft one \ i_ / sin*fl \ j f tip'^ Vj -/ »in*c \i- 
BinAsinBfliBC/ ~ Uiu'a/ ism's/ *= 135?^/ ' 
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Hence, also, ->: — r=": — « . ..^ sr . •, and ■ . />, = -r— {173) 

siuA sma smB sm6 sinC emo ^ 

131. From (93) and (107), we hare 

sin A 2n , sina 2^ 

and 



sina sina sin 6 sine' sin A sinA sinB sinC* 

and, bj equalling tlie second member of one of these with the reeip-. 
rocal of the second member of the other, we get, bj multipljing bj 
the denominators, 

4nN=:8ina 8in& sine sinA sinB sinC (174) 

132. In this, substitute for sin A sinB sin C its value in (164); and, 
bj contracting, there will arise 

2n2 

N=-; — ^V-^ (175) 

smasmosmc 

Bj a like process we find, by means of (169), 

2N« ,,.^. 

smAsmBsmC ^ 

n' N' 

133. From (167) by substituting . , . — for . .^i • /m » according 

^ ^ -^ ■ smJsmc smBsmC . 

to No. 130, and by clearing the result of fractions, we obtain 
— cosS cos^a cos^& cos^c sin& sine sinAsn*. 
But (93) sin& sine sin A=2n; by substituting which in the first 
member, and dividing by 2ncoB-|a cos^& oos^t;, we ebtaia, by re- 
storing the value of n, , 

Q^ Vsin« sin(* — a) sin(* — b) 8in(fr— c) _ ^ , /i '-7\ 

"~ 2cos^a cos^& cos^e "*'2cosiacosj6co&Jc^ 

134. By a similar process we should obtain, from (160), 



^-^ ^_ V--<^ S coa (B— A) cofl(B— BQ oob(B-^) N .,^q. 

sm«- 2iinlAMnJB"^iO -JSSpIwSiBwiFD'"^*^^^ 

135. A curious formula, given by Gagnoli, may be thus investi- 
gated: Transpose the first term of the right-hand member of (85); 
multiply the result by cos A, and to both membeni of the product 
add sin&sine; then, the first member will contain sin & gin e—;- 
6in& sine cos'A; and, subBtituting for tins its equal, Bin5 sine sin' A, 
we obtain 

cosA cosa4-sin( sine sin'A=:sin& 6ine-f-cos& cose cos A (^) 

From (101), also, we :finii, by a similar pfooess, 

cos A cosa-f-nnB nnC sin^assmB sinO-HH>8B oosO eosa. 
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In the second term of ttns, sabstititte» according to (94), sin( sin A 
and sine sin A, for sinB sina and sinC sina» and there will arise 
cos A cosa+sinb sine sin'A^sinB sinC— cosB cosC coso. 

Hence, bj comparing this eqaation and equation (^), we obtain 
emh 8in0-|-cos& cose cos A=8inB sinC — cosB cosG cosa* ... (179) 

136. Bj multiplying (85) bj cos B cos C, and (101) bj cos& cose, 
and bj adding the results together, we obtain, after transposition, 

MMseMBcotC— cosAeMBeMC tin 6 tiocs— cot A co>6 eo$e \ e trna eosft cote sin B ^C (180) 

This formula,, in common with (179) and other formulas of a similar 
kind, possesses the property of not being changed by the substitution 
of 4r — A for a, v — B for 6, Sue, It is the same, therefore, in tri- 
angles that are supplementary to each other. 

137. If we now multiply (85) by cosa sin B sin C, and (101) by 
cos A sin & sine, and subtract the latter product from the former, we 
shall have, after dividing by sin 6 sine, 

oos'annB smC .. cosa cos 6 cose sin B Bin , a -n ^ 

. , . — — cos"A= . , . 4-008 A 008 B COS C. 

smo sine smosme .' 

In this, according to (94), substitute . , for — r-r— r— : then, by 

^ - sm*a sm& sme '' 

writing 1 — sin'a for cos'a, there will arise (6) 

sin'A - cosa GOS& cose sin'A , * « ^ 

-T-r; 1= r-T |-COS A COsB COsC ; 

sm^a sm'a 

N* sin'A 
or, by substituting —- for *?-— - , according to (172), by multiplying 

by n*, and, first, by transposition, and then by division, 

N>(1 — cosa cos6 cose)=:n^(l4-cos A cosB cosC),^ 

, N« ^ 1+cos A cosB eosC I (181) 

n'""" !•— cosa cos 6 cose J 

From the former of these we get, by transposition, 
N' — fi'sN'cosa COS& cose+n'cos A cosB cosC. 



* This formula oontains all the six parts of the si)herical triangle, and is re* 
markable for its symmetry ; the one member contiuning the sines or cosines of 
three parts, and uie other the respective sines or cosines of the parts respec- 
tively opposite, and the only difference being in one of the si^. Ca^oli's 
investigation is fomided on nearly the same principles as that given above, but 
is perhaps, scarcely so simple. Delambre investigates it by nnding two ex- 
pressions for the same line--^ne by means of three parts of the triangle, and 
the other'by means of the remaining parts. It is scarcely necessary to observe, 
that two corresponcUng formulas might boobtained from (66), (87)> and (102), 
(103), or from the pre^ding by channng the letters. Delambre gives also 
various other formulas contaiiung ea/Mt the three sides and the thre^ angles. 
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Now, by (18), cog5 ooic=sioo8(6+<j)+icw(6— a); and multiply- 
ing this by cosa, and applying the sam^ fonuulat we fi^d 

cosa oob6 cme=icm{a+h^) ^ieM(--*4*64<}4-|eo8(a-^.e)^|o<M(a+6-«), or 
cos A cos 6 coic=:4cpi«H"4«oi8(f— «)-HcoB«l»— 6J+|co82(f— c). 

Introducing thi«, and the conresponding value of cos A cosB cosC, 
into the foregoing value of N* — n^, dividmg the result by N* andn*, 
and restoring the values of these quantities in the second member, we 

obtain 

cos 2 *-f cos2 (« — o)+co8 2 (s — &)+cob2 (a— <;) \ 



1 ^ — ^ 



sin* 8in(*— «) sin (5 — b) sm(5— c) 
. coB2S-hcos2(S— AH-cob2(S— •B)+co t2(8.^X}) 

("T- — cObS C0S(S— .A) C08(S— B C08(S— C) 



(182) 



By alternately adding and subtracting unity in the numerators of 
this formula, we obtain, by (31) and (32), 

cos ^ 9 — sin » (s — g) +cob ' (s — h) — sin » (*— c) ^ 
sin 5 sin(« — a) sin(« — 6) sin(« — c) 



»» ■^N>""2 1 , cos«S~«in2(S— A)+cos«(S— B)— 8in8(S— C) 



(183) 



--cosS cos(S— A) cos(S— B) cos(S— C) 

It is evident that this formula will admit of several variations, 
according to the parts of the numerators which are increased or di- 
minished by unity; and it would be easy to introduce various other 
modifications.* 

138. The foregoing formulas would furnish other expressions for 
nand |^, and values for sin«, cosS, &c. As the investigations of 
such expressions, however, present no considerable difficulty, they are 
left fcMT exercise to the pupil. We may now proceed, therefore, to 
investigate the methods of determining the inscribed and circumsGribed 
circles ; and we shall thus obtain some curious and interesting results. 

139* Let D (Jig. 26) be the pole of a circle inscribed in the spheri- 
cal triangle ABQ, and E, F, G, the points of contact ; and let DA, 
DE, PF, DG, be arcs of great circles. Then the angle? at E, F, an4 
G, are right angles ; and, since DF is equal to DG, and PA ooimnon 
to the triangles ADF, ADG, the sides AF, AG are (1X3) equal, t» 
also (112) th9 a^les PAF^ DAG. In Uke manner, it would appear 
that ]$E;?BG, mi CE;;:;CF, Hence. AF-f BE+EC i« half tb9 
sum of the sides, that is, AF+azss; and consequently AFz=j — a. 



* The formulas in this and the preceding No. the author has never before 
niet with. They are carious, particularly those in the latter No. on account 
of their complete symmetry. 

H 
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Now, if DF=r, the rightangled triangle AFD gives (112) tanDF= 
sinAF tanDAF, or, by (90) and No. 123, 

tanr=y^^°^^-^^ '^^"^^ sin(.^)^ _n^ (184) 

V sin* sm5 ^ ^ 

140. Dividing n in this formula bj the value of sins found from 
(161), we get 

n n* 

. or van TZH •.. it> ^ r^ * •»•• 

sm5 cos^ A cos^B cos^U sma smo smc 

In this, for n* substitute its value according to (175); then, by con- 
tracting, there will be obtained 

tanr ^ or cotr-?^5ii^^^i^^^^ (185) 

^''*^-2sini A cos^B cosiC ^"^ '^^'^- N "^^^^^ 

141. If three circles were described, each touching one of the 
sides externally and the other two produced, and if r' were put to 
denote the arc drawn from the pole to the circumference of the one 
touching a externally, and r" and r"' the like arcs in those touching 
( and c externally, it would be found, in nearly the same manner as 
in No. 139, that 

taa/ ^ /sm^jin(j ^-5)sin(..-^)^ ^ n_ 

V sm(5 — a) sm(s — a) ^ ^ 

j.^^^^{^-^)^^:^ ^ ». 

^ sm(s — 6) sm(s — 6) ^ ^ 

tenr'''=v^JHi!£(!:^)«£(f=L) =—2—. (188) 

^ sm(« — c) sm(« — c) ^ ^ 

142. By taking the continual product of the members of (184), 
(186), (187), and (188), we find the following remarkable symmetri- 
cal formula: 

tanr tan/ tant^' tanr^'srsin* sin(5 — a) sin(« — 6) sin(s — c)z=n2.(189) 

143. From D {fsg, 27), the pole of the circle described about the 
triangle ABC, let arcs of ^eat circles be drawn to the several angles : 
let, also, the arc DE be drawn perpendicular to the side a. Then, 
the triangles ADB, ADC, and BDC being isosceles, the angles at 
their bases are equal. Hence, ABD-fACDzzA; and therefore 
DBC + DCB = B-l-C— A, and DBE = i(B-|-C— A) = S— A. 

* This formula may be easily found from considermg that a, and the continua- 
tions of h and c, form a triangle having for sides a, «• — 5, and * — e: as half 
the sum of these is «• — i(^+c — a) or «• — (s — a) \ and the remainders fomid, 
hy taking from this a, <r — 6, and «• — c, are «• — 5, 5 — c, and s — h: the substi- 
tution ofwhich in (184), for «, « — a, 5 — 6, and a— <?, gives (186). In a similar 
manner, also, (187) and (188) might be obtained. 
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Now, by (114) or No. 85, we have, in the rightangled triangle BED, 
cosDBEz=tanBE cotBD; which, by multiplying both members by 
tanBD, dividing bycosDBE, and putting BD=zR, gives, by note 
to (5), 

tan BE tan^a , ,-^^. 

tanK = — Tvo^ = — /a AX ? or, by (106), 
cosDBE cos(S — A) ' -^ ^ ^* 

. ^ _ / — cosS — cos S 

tantt-^ co8(S— A) cos(S— B) cos(S^C)- ~W ^ ^^^^^ 

144. The foregoing formula gives the value of R by means of the 
three angles. To find it in terms of the sides, divide the value of 
— cos S found from (165) by N ; then, 

— cos S , T, sin^a sin46 sin-Jc sin A sinB sinC 
— j^,ortanR = — 3 ^ ^ . 

In this, substitute for N^ its value according to (176), and there will 

result 

^ ^ 2siniasini6sinic* ^_ n 

tanR= ? ? ^— ,orcotR=3-.— :; — .V , . ,- .a91^ 

n 2smiasmi6sin^c^^^ 

146. If circles were described about the three triangles formed by 
continuing the sides, and if R' were put to denote, in the triangle 
having a for a side, the arc corresponding to R; and R'' and R'" tihie 
corresponding arcs in the triangles having h and c as sides, we should 
have the following formulas analogous to those in No. 141 : 

. J., _ / cos(S— A) cos(S— A) 

^^ -V _cosS cos(S— B) cos(S— C) = N ••••(192) 

,,„T,„_ / cos(S— B) cos(S— B) ,,^„^ 

^^ -V _cosS cos(S— A) cos(A— C) "" N •••• (1^3) 

.^„p,„_ / c os(S— C) cos(S— C) ,,^,^ 

*^^I^ =V .^^^^e-^(S-A) cos(S=B)= N— ^ (^^^> 

146. Take the continual product of thesQ and of (190); then, 
tauR tanR' tanR'' tanR'"=: j^ or cotR cotR' cotR" cotR'"=N» .... (195) 



• If ^ be the perpendicular from A to EC, we have sin ^= sin C sin6, or (93) 
""^y=iS5= sin|acosia Hence,from (191), by multiplymg, weget 

sinj>taiiR=^-^iHR^^Ei^. I 

^ cos^a. j 

In a pUne triangle, this becomes (by Nos. 162 and 163 ) p Rc=i he; from which, 
by doubling, and putting D for 2B, we get j?Dr=6(?, the same as Euclid, VI. D. 
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147. Since the sides of the supplemetitArj triang^ are v^^A^ 
t — B, V — ^C, by Substituting these in (184) instead (^ o, 6, c, we 
should obtain, in respect to the circle inscribed in that triangle, 

_ / co8(S—A) cos(S— B) co8(S—C) 
""^ — cosS ' 

— cosS 



cotr 



=y; 



cos(S— A) co8(S— B) cos(S— Cy 

Now, this value of cotr being the same as that of tan R (190), it 
foUows that r and R are complements of each other; whence it ap- 
pears, that ihA aire drawn from ih4 pole to the circumference of die 
circle inscribed in a spherical triangle, is the complement of the are 
dravm from the pole to the circumference of the circle described about 
the polar triangle, which seems to be a new relation of these triangles. 
148. To investigate the method of finding the area of a spherical 
triangle ABC (/g. 28), let the circle of which AB, one of the sides, 
is an arc, be completed, and let the continuations of AC and BG cut 
its circumference in D and £, and intersect each other in F, on the 
other hemisphere. Then, since (page 26, note 3) BCE and CEF are 
semicircles, BG and EF are equal; and for a similar reason, AC and 
DF are equal We have also the angles F and G equal, as thej are 
each the inclination of the planes of AG and BG. Hence the tri- 
angles ABC, DEF are equal. Now, the lune, bounded on the sur- 
hce of a sphere by the halves of two great circles is evidently pro- 
portional to the angle at which those circles are inclined. Hence, 
if H denote the sur^M^ of a hemisphere, we have 180® : A : : H : 

H A 
fame ABDG=:t^. In like manner we should find the lune 

H B H G 

BAEG = ~^* a»id the lune GBFD= jg^. Now, it is evident that 

the sum of these lunes is equal to the surfiu^ of the hemisphere 
AEDB, and twice that of the triangle ABC ; that is, X8^^ 

=H+2ABG; whence we readily find ABG=: *^ ^^"'"^3^"^^^''^ 

Now (DifF. and Int. Gale. No. 288), the surface of a hemisphere is 
equal to twice the surface of a great circle of the sphere, or to 2*r^, 
where r is the radius of the sphere. Putting T, therefore^ equal to 
the area of ABC, we have 

crr»(A+B+C-180®) .,^. 
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Hence I6(fi : A+B+C-^180^ : : nrr* i area of ABC; and it 
appears, therefore^ that (in the iome sphere) the a/fea of a spherical 
triangle is proportional to the excess of the sum of its angles above 
tioo right angles, or to what is called its Spherical Excbss.* It is 
also plain, that, when the spherical excess or the sum of the three 
angles is known, the area can be determined from it ; and that all 
triangles on the same sphere which have the same spherical excess, 
are equal, however dissimilar they may he. 

149. Bj arcs of great circles drawn from any angle of a spherical 
polygon to all the remote angles, we may divide it into as many tri- 
angles as it has sides, wanting two. Hence, if n be the number, and 
S the sum of its angles, we shall have the sum of the spherical exces- 
ses of the triangles =S — (n — ^2)xl80°; and consequently, putting 
P to represent the area of the polygon, we have 

180° : S— (n--2)xl80o :: ^r^ : P (197) 

150. When the data in a spherical triangle are not the three an- 
gles, the angles, or their sum, must be found by some of the methods 
explained in Section lY., before (196) can be applied in finding the 
area. Thus, if the three sides be given, the angles may be computed 
by Nos. 93 and 94 ; or if two sides and the contained angle be ^ven, 
the half sum, and thence the sum of the remaining angles, may be 
found by (129). In these two cases, however, which most frequently 
occur, formulas have been discovered which give the spherical excess 
without the previous determination of the angles. 

Thus, putting S equal to ^(A+B-f C), and E equal to the spherical 
excess, we have JE=zS — 90^, sin^Es— cosS, cos^E^sinS; and 

tenS=— cot^E ; and, since (108) tan J(A+B)=^^|^^=^.cotiC^ 

we have, from (39), by taking ^(A-f B) as one arc, and ^C as an- 
other, and by multiplying the numerator and denominator of the se- 
cond member by cos ^ (a +6), 



*^ '^ ■ cos^(a-t-6)— cosf (o — h) 

By multiplying again the numerator and denominator of the second 



* This remarkable and beautiful theorem is ascribed to Albert Girard, a Fle- 
mish mathematiciaa^ In 1787, upwards of 150 yean after its discovery, an 
unportant and ingenious appUcation of it was made by General Boy, in cor- 
recting the angles observea m the Trigonometrical Survey of Britain; — a fsict 
which proves, with many others, that no principle should, be rejected as use- 
less, however long it may hate men known meray as a speonlatiTe troth. 
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member of this by 2sin^C cos^C, and then by modifying the nu- 
merator bj (31) and (32), and the denominator by (30), we obtain, 
by changing the signs, 

. ,-p__cosj^ (g — h)+cos ^{a+h)+{co9^{a — b) — co8 ^(a+6)|cosC 
* "" Jcos^(a^6) — cos^(a+6)| sinC 



From this, by modifying the denominator and the first and second 
terms of the numerator by (25) and (5), and dividing the denomi- 
nator and the rest of the numerator by their conmion factor, we obtain 

cotiE="-2*il£2iM±£2!£* (198) 

151. If the three sides be given, we have (177) — cosS, or 

8miE=^^'°^ "°^^> sin(.-6) smli^) 

2cos^a cos^& cos^c ^ 

152. From ( 1 98) we may eliminate cos C and sin C. To do this, mul- 
tiply the first term of the numerator by 2 sin -^ a cos ^ a. 2 sin ^ 6 cos ^ h, 
and the denominator and the remaining term of the numerator by 
what is equivalent, sin a sin 6, and there will arise 

^--, 2 cos 24 a. 2 cos 216 -|-sin a sin 6 cos C 

COt^iliZZ ^ ; ' T ' n • 

sma smo sm(J 

Now, in this, the first term of the numerator is (31) equivalent to 
(l-|-cosa) (l+cos6); the second, by (87), to cose— cos a cos6 ; and 
the denominator, by (93), to 2n. Substituting these, therefore, per- 
forming the actual multiplication, and contracting, we obtain 

2Vsin5 sin(« — a) sin(s — 6) sin(« — c) 

153. The product of this and (199) is 

, «__l+cosa-]-cos6+cosc^cos2la-J-cos^J6-J-cos*Jc— 1 •oni\ 
^ ""icos^a cos^6 cos^c ""* 2cosia cos^6 cos^c 

The second of these expressions is obtained by putting the nume- 
rator of the first under the form l4-cosa+l+cos6+l+cosc — 2, and 
modifying it by (31). 



* This may be derived more easily, though not so conformably to a Inst 
analysis, in the following manner : By taking the reciprocals of the members 
of equation (c) in the note to No. 82, ezpanmng cos(S — C), and performing 
the actual division by cos C we get 

cot}acoti&=— cosC — tanS sinC : 

and, by resolving this for ->tanS, or its equal cot}£, we find (198). 
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154. By subtracting the members of (201) from unity, and divid- 
ing the remainders by the members of (199), we obtain, by (49), 

. „__1 — cos^^a — 008*^6 — co8^^c+2cos^« cos^6 cos^c 

Vsins sin(« — a) sin (5 — 6) sin(s — c) 

Now, the numerator of this is the product of the two factors, 

cos^a — cos-J^6 cos-^c+sinjft sin^c, and 

— cos^+cos^6 cos^+siu^6 siu^c; or (14) and (15) 

cos^a — cos^ (&+c), and — cos^a+cos J(6 — c); 

and these again are (23) equivalent to 

2sinJ(a+6+c) sinj( — a-{-h+c), and 

2 sin j^ (a — h+c) sin:J'(a+6 — c); or 

2 sin ^ s sin ^ (s — a), and 2 sin ^ (s — 6) sin ^ (s — c). 

Substituting these in the numerator, modifying the denominator by 
(30), and dividing the numerator by the denominator, we finally 
obtain 



tan J E = V tan ^ s tan ^ (s — a) tan ^ (s — 6) tan ^,(s — c) .... (202) 

This beautiful formula, which gives the spherical excess by means 
of the three sides, was discovered by Lhuillier of Geneva. 

155. If the base and area, or, which is the same, (196) if the base 
and the sum of the angles of a triangle be given, the locus of the ver- 
tex may be found in the following manner. In the circle BCB'C, 
(Jig, 27) take BC equal to the given base a, and BOB', CBC, each 
equal to a semicircle ; and make the angles BG^iy, CBTK each equal 
to half the sum of the given angles: then a small circle described 
through B' and C, and having jy as its pole, will be the locus re- 
quired ; that is, the vertex A may be taken any where on its circum- 
ference. For, drawing BAB', C AC, and AIK, arcs of great circles, 
we have (page 26, note) the angles AB'D', AC'IK together equal 
to B'AC, or its equal A in the triangle ABC ; and BB'C, CGB are 
respectively equal to B and C. Therefore, wherever A is taken on 
the circumference of the small circle, the sum of the three angles A, 
B, C, is equal to the sum of the angles CB'B, AB'iy, BC'C, and 
AC'jy, which, by construction, are together equal to the given sum 
of the angles.* 



• This curious proposition was discovered by Lexell, and first appeared in 
the Petersburgh Acts. The proof given aboye is more simple and easy than 
any other that the author has seen. It would be shown in a similar manner, 
that if the base B'C'.and the area of the triangle AB'C, be given, the circle 
described about ABU is the locus of its vertex. 
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156. It is erident from No. 143, that if the base of a spherical tri- 
angle aad the difbrenoe between theyertical angle and the wm of the 
other two be giyen, the locns of the vertex is the circomferenoe of 
the circle described about the triangle. 

157. In resolving rightangled triangles by the methods already ex- 
plained (Nos. 84 and 85)» when the required quantity is to be found 
by its sine or cosine, if the sine or cosine be nearly equal to the radius, 
the quantity required cannot be found from the ordinary tables with 
much accuracy. This practical inconyenience may be obviated in 
different ways according to circumstances. Thus, from (112), (113), 
and (114), we have, by (19), (18), and (16), 

8ina=i[cos(Acoc)— <;os(A+c)| (203) 

co8c=iJcos(aco 6)+cos(a+6)} (204) 

cosA=^f8m(a+B)-*in(a— B)| (205) 



Any of these will give the required results by addition and subtrac- 
tion, by means of natural sines and cosines ; and tables of these give 
the results in the circumstances under consideration, with more pre- 
cision than can be attained by means of the other tables. 

This inconvenience may also be obviated by first finding a part 
not required; and then, by means of it and one of the given parts, 
the required part may be determined. Thus, if the legs were given, 
to find the hypotenuse, and if the legs, and consequently the hypote- 
nuse, were very small, instead of using the common formula (113) 
cosc=cosa cos 5, we might first find A from the equation (112) sin ft 
=cot A tana, and then c from the equation (114) cosA=tan& cote; 
in both of which the results may be obtained with great accuracy. 

158. Some of the formulas may be modified so as to give the final 
results very easily and accurately by means of tangents. To exem- 
plify this in some of the most usefrd instances, let A and a be given 
to find B : then we derive from (114) the analogy, 1 : sinB : : eosa : 
cos A; whence, by composition and division, 

1 — BinB _cosa — cos A 
l-l-sinB~" co&ft+cosA' 

Now, since sinBi=cos(90^ — B), this becomes, by (32), (31), and 
(25), and by extracting the square root, 

tan(45«— JB)==±:Vtani(A+a) tan^fA— «) ... (206) 



The arc thus found may be either positive or negative. Calling it^ 
therefore z±z<i>, we shall have BzsQW siE2<». The ralne of B' may 
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thus be found with great accuracj, and the formula (206) is adapted 
to computation by logarithms. 

159. We have also by (112), 1 : sin A : : sine : sin a; and bj 
processes exactly similar, we get 



tan(45.-ic) = =ty^|(^) (207) 

tan(450-iA)==t:y^|(^> (208) 

160. From (113) we have 1 : cosa :: cos6 : cose; whence, by 
a like process, we get 

tania=Vtaui(c+6) tan J(c— 6) (209) 

161. We have likewise, from (112), (113), and (114), 
sina=tan6 cotB, cosc=cotA cotB, and cosA=tan& cote. 

Subtracting the members of the first of these from unity, and abo 
adding them to it, we obtain, by dividing the remainders by the sums, 

1 — sina _ 1 — ^tan6 cotB 
l+sina""l+tan6 cotB' 

The first member of this may be reduced as in former instances ; and, 
by multiplying the numerator and denominator of the second mem- 
ber by cos6 sinB, we obtain by (13) and (12), and by extracting the 
square root, 

«.(45.-w=*^M|rL) (,10) 

By operations nearly similar, we obtain, from the other two formulas, 

tanic = y:=^2!li+B) (211) 

* ^ cos(A — B) ^ ' 

taniA=y^5i£=*) (212) 

* V sm(c4-fc) ^ ^ 

162. If, while the sides of a spherical triangle retain always the 
same absolute length, the radius of the sphere continually increase, 
the triangle will become more and more nearly a plane one, and it 
would actually become such, if the radius were infinite. In this case, 
the side and its sine and tangent would coincide and become equal, 
while the cosine would become equal to the radius, and consequently 
infinite. The cotangent would also be infinite. From this it follows, 
that any formula respecting a spherical triangle, which contains the 
sines or tangents of the sides, or the sines or tangents of t^eur sum, 
half sum, ^. will also hold respecting a plane triangle, if the terms 

I 
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sine and tangent, thns used, be omitted, so as to leare simply the 
side instead of its sine or tangent. In tliis way, the theorem in No. 
76 becomes the same as that in No. 21 ; and (88), (89), (90), and 
(93) are reduced to (79). (80), (81), and (84). Since, also, in the 
plane triangle, tan^(A+B)=cotiC. (109) and (151) by slight re- 
ductions become the same as (75). The same principle, also, reduces 
(91) and (92) to (82) and (83), and(llO) and (111) to (76) and (77). 
So, likewise, (117), (121), (149), (152), (153), (154), (155), (156), 
(157), (158), (159), (160), (161), (162), (164), and many others, aU 
give results which are true respecting plane triangles ; and (202) be- 
comes, by a slight reduction, the same as the expression for the area 
of a plane triangle, given in the note in page 20. 

163. The formulas in (112) and (114) become immediately appli- 
cable to plane triangles by taking cos a equal to the radius, and by 
multiplying in the latter by cote. By the same means, the first for- 
mula in (113) gives tanA=cotB. The second, Tby squaring, and by 
(6), becomes 1 — sin*c=l — sin^a — sin^S-j-sin^a sin*6. Hence, re- 
jecting 1, changing the signs, and rendering the terms of the same 
dimensions by dividing the last term by r^, that term, in case of the 
plane triangle, will vanish, the radius being infinite, and the formula 
will be reduced to c^zza^+h^, the same as Euclid I. 47. 

164. By a like substitution, (85) would become 

V(l — sin2a)=cosA sin 6 sinc+V(l — sin^ft — sin^c+sin*6 sin^c). 

The first member of this, by extracting the square root in series, be- 
comes 

1 — ^sin^a — j-sin^a — &c.; 

while the second, by a like process, is changed into 

cos A sin6 &inc+l — ^sin^ft — -J- sin ^c-f J sin ^6 sin^c^— ^sin*6 — &c. 

Hence, by rejecting 1, dividing the terms of four dimensions by r*, 
multiplying by 2, and otherwise proceeding as in the last No. we get 
o»=6«+c»— 26c cos A, the same as (78). 
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VI.— ASTRONOMICAL AND GEOGRAPHICAL 

PROBLEMS. 

165. Spherical Trigonometrj derived its origin from the com- 
putations which are necessary in astronomy ; and its principal and 
most important applications are stiU furnished by the same science. 
Some of the most useful of these, and some of its applications in 
geography, are exhibited in the following problems.* 



* For the use of those who may be unacquainted with astronomy, or the 
mathematical principles of geography, it may be proper to explain some of 
the terms which most frequently occur in those branches of science. 

The astronomer conceives an imaginary sphere of great, though indefinite 
magnitude, to have the same centre as the earth ; and, in all applications of 
spherical trigonometry, he employs, instead of the real position of any of the 
heavenly homes, the point in wtiicn the surface of this sphere is cut by a straight 
line joining the centres of the earth and the body. (1) The extremities of 
the axis on which this «rphere appears to revolve, in consequence of the earth's 
diurnal rotation, are called the poles of the celestial sphere, or of the heavens ; 
and (2) the points in which the earth's sm'face is cut by its axis, are called the 
pdes of the ea/rth, (3) The CTeat circle on the imaginary sphere which has the 
poles of the heavens as its poles, is called the celestial equator or the equinoctial; 
and (4) the corresponding great circle on the surface of the earth is called the 
terrestrial equator. Hence it is evident, that the celestial and terrestrial equa- 
tors are in me same plane. (5) In consequence of the eaiiih's motion in its 
orbit, the sun appears to move eastward round the heavens, and, in the course 
of a year, to describe, among the fixed stars, a great circle which is named the 
ecliptic. (6) This circle is inclined to the equator at an angle which is called 
the Miqaity of the ecliptic, and which, in the lapse of many centuries, varies 
within narrow limits. On the first of January, 1838, the mean obliquity was 
23^ 2T 37", and at present it is diminishing at the very slow rate 0X52" in a 
centuiy ; not, however, each year by the same quantity ; and it increases and di- 
minishes by minute quantities at oififerent times of t^e year. (7) The points 
in which the equator and ecHptic intersect each other, are called the equinoctial 
points; — ^the one at which the sun appears to cross the equator northward, the 
vernal eqiunoctial point, or the first point of Aries ; the other, the autumnal 
equinoctial point, or the first point of Libra. ( 8 ) A secondary to a great circle 
is another great circle perpendicular to it. (9) If a secondary to the equator be 
drawn through any point of the celestial sphere, the part of it between the point 
and the equator, is called the declination of that point; and (10) the part of the 
equator extending eastward from the first point of Aries to the secondary, is 
called the rigfU ascension of that point. ( 11 ) In like manner, if a secondaiy to 
the ecUptic l>e drawn through any point of the sphere, the part of it between the 
point and the ecliptic is calfed the latitude of the point ; and (12) the part of the 
ecliptic extending eastward fi:om tiie first point of Aries to the secondary, is 
called the longitude of the point. This was formerly reckoned in si^ns of 
30° each, and of which the ecliptic must therefore contain twelve. It is now 
reckoned in degrees. 
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166. Given the obiiquitj of the ecliptic, and the right ascension 
and declination of any of the heavenlj bodies; to find its latitude and 
longitude. 



In seography, ( 13) a secondary to the equator passing thronsh any place, is 
callea the menaian of that ^lace ; and (14) the Icn^vde of a pSice is tne smal- 
ler ot the two parts into which the equator is divided by the TnericUan of the 
place and ihejirst meridian, that is, the meridian from which geographers have 
agreed to reckon the longitude. The British geo^aphers assume the meridian 
of tbe Observatory of Greenwich as the first meiidian ; but nature points out no 
particular meridian, in preference to another, for this purpose. (15) The Lati- 
tude of a place is its distance from the equator measured on its meridian. ( 1 6 ) If 
a plane touch the earth, |ts intersection with the celestial sphere is called the 
sensible horizon of the point of contact ; and ( 17) a great circle parallel to this 
is the true or rcUioncd noiizon of the same place. ( 18) Of the poles of the ho- 
rizon of any place, that which is over the place is callea the zenith, and the other 
the nadir. (10) The arc of the horizon intercepted between the meridian and 
a secondanr to the horizon passing through any of the heavenly bodies, is the 
ctzirmUh of the body; and (20) the arc of the secondarv between the body and 
the horizon, is its altitude. (21 ) The complement of tne azimuth of a body at 
rising or setting, or its distance from the east point at rising, or from the west 
point at setting, is often called its amplitude, (22) A secondary to the horizon 
IS called a vertical or azimuth circle; and of such circles, that which is perpen- 
dicular to the meridian, and which, consequently, cuts the horizon in me east 
and west points, is called the prime vertical. 

Astronomical observations show, that the apparent diurnal motions of the 
fixed stars in the circles which they appear to describe, are at all times uniform ; 
and hence it follows, that the earth's rotation on its axis is likewise uniform. 
The sun's apparent diurnal motion is also very nearly uniform, bein^ affected only 
by a slight mequality arising from his apparent motion in the ecliptic. If we 
res^ard his apparent motion as uniform, or rather, if we consider him as moving 
with his mean or average motion, it is evident that since he appears to describe 
round the earth a circuit of 360® in twenty-four hours, he must describe 16® 
each hour, and consequently a degree in four minutes, a minute of a degree in 
four seconds of time, &c. JNow, it is evident that the portions of the equator and 
of any circle parallel to it, intercepted between two circles passing through the 
poles, will contain the same number of degrees, each measuring &e inclination 
of the planes of those circles. (23) Such circles, considered with respect to 
time, are called hawr circles ; and it follows, that the arc of the equator inter- 
cepted between any two of them is proportional to the time occupied by a body 
in passing from one of them to the other in its apparent diurnal revolution. 
Hence, also, of the arc of the equator and the corresponding time, if either be 
given, the other will be known, an hour and 16® bemg ecjuivalent. Degrees, 
minutes, &c. are most easily reduced to time by multiplying by four, and 
taking the degrees, minutes, and seconds of the product as minutefi, seconds, 
and thirds of time ; and time is readily reduced to degrees, &c. by multiplying 
it by ten, and adding to the product naif of itself; the result, instead of nours, 
minutes, &c. will be degrees, minutes, &c. (24) The mean period employed 
by the sun in apparently moving from the meridian to the meridian again, is 
twenty-four hours, and is called a mean solar day, ( 26 ) The difference wtween 
the time at which the sun actually passes the meridian and the time at which 
he would pass it, were he to move equably in the equator, or in a parallel to 
it, is called the equation of time. (26) The period that is occupied by a fixed 
star in passing from the meridian to the meridian again, is 28 hours, 66 mi- 
nutes, 4*1 seconds, of solar or civil time, and is caJlSi a siderecd day. This 
quantity, which is the time of the earth's revolution on its axis, is always the 
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To resolve this useful problem, let EQ and KL {fig, 29) be the 
equator and ecliptic, P and F their north poles, and O the first point 
of Aries ; and let the body S be so situated, that its right ascension, 
OR, and its longitude, OG, may be each less than 90^; and its decli- 
nation, SR, and latitude, SG, both north. Then, in the spherical tri- 
angle PTS, PT is equal to LQ, the obliquity of the ecliptic, each 
being the complement of PL ; PS=90«— SR=90o— c^ec. or the north 
polar distance; FS=90«— SGz=90«»— to.; FPS (measured by ER) 
—^{y^+right asc; and PFS (measured by GL)=z90o — Ion.: and 
the resolution will be effected by the third case of spherical trigono- 
metry. Thus, drawing SV perpendicular to PL, and putting (p for 
PV. we have PS=90«— ciec, and the angle SPVrzlSO^— FPS = 
90° — B. asc; whence, in the rightangled triangle SPV, by No. 107, 
cosSPV=cotPS tanPV, or sinE.asc.^t&ndec. tan^. Then, No. 
87, cosPV : cosFV : : cos PS : cosFS, or cos^ : coB((p+ohl,) :: 
smdec, : sin lat. Lastly, the rightangled triangle FVS gives cos SFV 
=cotFS tauFV, or sin Zon.= tan to. tan (p-fo6?.). Hence we have 
the following formulas for resolving this problem : 



tan f = sin i2.il. cot dec. 

8inlat.=: sin dec. cos (9+06?.) seep, ^ (^13) 

sinifon.^tanto. tsji(^p+ohl.) 



■} 



These formulas will serve for all positions of S, if, when the lati- 
tude and declination are south, they, and consequently their sines, 
tangents, and cotangents be taken negative ; and if it be considered, 
that, as is evident from the diagram, when either the right ascension 
or longitude is between 90° and 270°, the other is between the same 
limits. FSP, which is called the angle of position, is easily calcu- 
lated. 

167. When the obliquity, and the latitude and longitude, are given, 
to find the declination and right ascension, we have P'P, P'S, and 
the contained angle, and the resolution of this tiSo is effected by the 
third case. Thus, putting f = P' Y, and proceeding as in the last No. 



same ; while, as we have aheady seen, the lei^th of the solar day varies 
slightly at different times of the year, being, at Christmas, thirty seconds 
more, and at the middle of September, twenty-one seconds less, than twenty- 
fom* hours. The number of sidereal days in the year is evidently one more 
than the number of solar, the snn losing one revolution in a year, in conse- 
quence of his apparent motion among the fixed stars. 
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we find the following formulas, wiiich, with attention to the remarks 
at the end of that No. wiU solye the problem in eyerj case : 

tan f= sin ?on. cot^t "\ 

vmdec.r=smlat. cos(f — ohl.) secf, > (214) 

8ini2.ii.=tauc7eo. tan(^ — 06^.} J 



168. In case of the sun, both these problems become much simpli- 
fied, ^as in consequence of his being on the ecliptic, suppose at S'» 
ifig- 27) his latitude is nothing, and the triangle becomes quadrantal. 
In resolving this case of the problom, we may rather employ the tri- 
angle ORS', in which R is a right angle, O the obliquity, OS' the 
longitude, OR the right ascension, and RS' the declination ; and when 
the obliquity is known, it is sufficient that either the right ascension 
or declination be given, as, by means of the obliquity and one of 
these, the other and the longitude can be computed by No. 107. It 
is also plain, that if both the right ascension and declination be given, 
the obliquity may be calculated. The following are the formulas ob- 
tained by the method alluded to ; and, by means of them, any two of 
the four quantities, the obliquity, the longitude, the right ascension, 
and the declination, being given, the rest can be found:* 

cos ohl.:=z taxi B, A, cotlon (215) 

sin B, A, =z cot ohL tajudec (216) 

sin dec, =2 sia. ohl, sin^on (217) 

cos lon,=z cos B. A, cosdec (218) 

169. If the right ascensions and declinations of two heavenly bodies, 
S and T (fig, 27) be given, to find their distance asunder ; their dis- 
tances from either pole P, are two sides of a spherical triangle ; the 



• The riffht ascension of a body is observed by means of the transit instm- 
ment, and of a clock regulated to sidereal time. The transit instrument is a 
telescope placed on a horizontal axis, and always moving in the plane of the 
meridian, so that any body, when it can be seen through it, must be on the 
meridian. The index of the clock points to 0, when the first point of Aries is 
on the meridian ; and therefore, at the instant at which any omer bodv is seen 
through the transit instrument, the time indicated by the clock, estimated, 
according to No. 166, note (10) and (23), at 16° to the hour, will give the right 
ascension in decrees. The altitude of the body taken at the same instant, will 

five its declination if the latitude of the place be known ; since, as will appear 
ereafter (No. 173), Hn {fy, 28) is the meridian altitude, EH the complement 
of the latitude, and their dmerence £n the declination. Conversely, it the de- 
clination and altitude be known, the latitude can be found. It is evident, also, 
that if the sun's right ascension and declination be determined by observation 
at the same instant, the obliquity can be computed by (112). 
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flifference of their right ascensions* is the contained angle SPT ; and 
the third side, which is the required distance, may be computed bj 
the third case. 

If the latitudes and longitudes were given, the sides SF, TP', 
would be the distances of the bodies from P', one of the poles of the 
ecliptic ; and the difference of their longitudes would be the contained 
angle, t 

170. In exactly the same way, the distance, on the arc of a great 
circle, between two places on the earth (regarded as a sphere), may 
be determined ; their distances from one of the poles being two sides, 
and the difference of their longitudes the contained angle of ^ 
spherical triangle, of which the third side is tho distance. The ror 
maining angles of this triangle, or those which the great circle passiz^ 
through the places makes with their meridians, are called the angles 
of position, 

171. Giyen the distances of a body, X, from two stars, T and S, 
whose positions are known, to find its right ascension and declination.:^ 

In the triangle TPS, calculate, by the method shown in No. 169, 
TS, and the angle PTS. Then, in the triangle TXS, the three sides 
win be known ; whence, by case I., the angle XTS can be found, and 
thence the angle PTX, which will be the sum or difference of PTS, 
STX, accordingly as X and P are on opposite sides, or on the same 
side of TS. Lastly, in the triangle PTX, the sides PT and TX, and 
the contained angle are known ; whence PX, the polar distance, can 
be computed ; as also the angle TPX, the sum or difference of which, 
and of the right ascension of T, will be the right ascension of X. 
If a great circle were drawn from P to X, the method of finding the 
latitude and longitude of X would evidently be the same as the pre- 
ceding. 

172. The apparent diurnal motions of the heavenly bodies giv9 
origin to a class of proUems of much importance in the a{^cation of 
spherical trigonometry. To investigate the metiiod of resolving these, 
let fig, 30 represent a projection of the celestial sphare on the plane 



' • If the difference of the ri^ht ascensions exeeed 180^, the difference between 
it and 360^ will be the contained angle. 

f This problem occurs in the computation of several pages in each month of 
the Nautical Almanac, which exhibit the distances between the moon and the 
sun, or between the moon and certain fixed stars, for determining the longitude. 

^This problem is usefiil in determining the positions of comets, as it fre- 
-quently Happens that they cannot be observed when on the meridian, in conse- 
quence of attaining that position in the day-time. 
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of the circle PHNR, the meridian of the observer ; and let P be the 
north pole; £Q, the equator : PD, PGO» PLO, &c. portions of horn* 
circles; Z the zenith, and HCR the horizon of the observer, B being 
its northern, H its soutliem, and C its eastern or western point Now, 
from the quadrants ZH and EP, take away ZE, the latitude of the 
place, and there will remain EH and ZP, each equal to the comple- 
ment of the latitude. Also, by taking away ZP from the quad- 
rants ZR and PE, we shall have PRz=ZE ; whence it appears, that 
the elevation of the pole above the horizon is equal to the latitude. 
Then, B being the body, BD will be its declination ; BP, its north 
polar distance; BF, its altitude; BZ, its zenith distance, or the com- 
plement of its altitude ; PZB, or RF, its azimuth from the north, or 
the supplement of its azimuth from the south ; and the angle ZPB, 
converted into time, will show the interval that must elapse between 
the body's being in its present position and on the meridian. In this 
class of problems, therefore, nothing more is necessary than to resolve 
the triangle PZB according to the data. 

173. In several particular problems of this class, the operations 
become simplified. Thus, if ^e circle nsfm^ parallel to the equator, 
represent the apparent diurnal path of the sun (his declination being 
supposed not to vary during the time considered in the problem, or, 
rather, being corrected for any particular time), it is evident that at 
noon he will be at n ; at midnight at m ; at six o'clock (morning or 
evening, accordingly as the diagrun is supposed to represent the 
hemisphere east or west of the meridian) at ^; at rising or settmg at 
8; and on the prime vertical, or due east or west, at w. 

Now, if the sun be at s, we may employ the quadrantal triangle 
Z5P,* or either of the rightangled triangles, PR«, C L^. Thus, in PR«, 
PR is the latitude ; P« the north polar distance ; sR the azimuth at 
rising, or the complement of Cs the amplitude ; and RP« (in time) 
will be the interval between the sun's being at m and «, or between 
midnight and rising or setting. 

Again, if the sun be at sf^ we have, in the rightangled triangle ZP^ 
U^ the complement of his altitude at six o'clock; PZ^, his azimuth 
from the north at the same time ; and P^', the polar distance. • 

Lastly, if he be at Wy ZFw will show the interval between noon and 



* The lines Za, Zsf, and Ptc/, are omitted in the diagram, to prevent it iro^ 
appearing confiised. 
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the time of his being east or west, and 7m will be the complement of 
his altitude at the same time.^ 



•If we put ?=the latitude; <i=the declination; P=the anrfe ZP5, the 
supplenient of RP«, and consequently the measure of the time between noon 
ana the houf of rising or setting; 'P'=ZFw; a=the altitude at six; a'=the 
altitude when east or west ; Z = Rs, the azimuth from the north at rising or 
setting; Z'=rPZ^, the azimuth from the north at six o*clock; and ?n=the 
mnplitude : we have, from the triangles above mentioned, 

1. cosP= — tan2tan(i; 4. cos l=cotdiyotZ'; 

2. sin(2=rcosZcosZ=co8isinm; 5. sine? = sin ^ sin a^ 

3. sin a = sin 2 sin d ; 6. cos P'=cot I tan d. 

In deriving these formulas, the latitude, declination, and amplitude, have 
been considered north; and consequ^itly, if any of them be south, its sine, 
tangent, and cotangent, will be negative. In like manner, should sin a or sin a' 
1^ round negative, a and a', insteiM^of dUitude, would denote depression below 
the horizon. 

EPL, or EL, is called the semidivrnal curCf as it measures half the time of 
the body's centinuaaice above the hoi*i2on. A table of semidiurnal arcs, which 
may be computed by the formula cosP=r ---tanZ tan^, is useful in calculating 
the rising and setting of the heavenly bodies at any particular place. 

Formma 1 shows Siat a body will not descend to tine horizon, if the latitude 
be greater than the complement of the declination, as in that case tanZ ia^xxd 
would be greater than 1, and therefore cosP unpossible. In like manner, we 
infer, from formula 6, that a body cannot be on the prime vertical if its declina- 
tion exceed the latitude. 

As astronomical tables give the declinations, ri^ht ascensions, &c. of the 
centres of the heavenly bodies, the method that has been pointed out will deter- 
mine the time at wmch the centre of any of them would be on the horizon, 
were its apparent position not affected by refraction. When the atmosphere is 
in its mean state, however, refraction causes the heavenly bodies to appear on the 
horizon, when they are in reality about 33' belo'w it. Supposing this to be the 
case, we should find the apparent rismg of the centre, by taking ZB= 90^33' 
and resolving tiie triangle ZPB. If it were required to find at what time the 
8un*s upper umb would appear on the horizon, we must take ZB=90° 49^ 
(:^90° 33'-J-16') the sun's radius bein^ about 16'. In respect to ihe moon, also, 
if great accuracy were required, which, however, is seldom necessary, and not 
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place, as she would appear 

Suiing the time of the moon's rising or setting, however, the changes of her 
eclination and right ascension are much more to be attended to than any of 
the corrections already mentioned. In the Nautical Almanac, her declination 
is given at Greenwich for several equal intervals; and hence, the approximate 
tune of her rising or setting being determined by the method already explained,, 
her declination at the time thus found may be obtained with tolerable accu- 
racy by the method of proportional parts, and the process repeated with this 
declination ; and, by a similar method, allowance may be made for the change 
in her ri^ht ascension. A method of approximating the corrections for refrac- 
tion, semidiameter, and parallax, might be employed, which would be shorter 
than the method already pointed out, but which it is unnecessary to explain, 
here. No allowance for parallax is necessary, except for the moon ; nor for 
semidiameter, except for the sun or moon. 

K 
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174. When the latitude of a place, and the altitude and decimation 
of a body, B, are given, we have ZP the complement of the latitude, 
ZB the zenith distance, and BP the polar distance ; and we can thence 
find the hour angle ZPB, which will show the difference between the 
times of the body's being at B and on the meridian. We can com- 
pute also the angle PZB, which is the azimuth from the north. In 
this problem, which is useful in regulating time-pieces, and in finding 
the variation of the compass, it is necessary to correct the* observed 
altitude for parallax, refraction, &o. and the result for the equation ci 
time. 

AStRONOMICAL AND GEOGRAPHICAL EXERCIBES. 

Ex. 1. If the right ascension and declination of a star be found, by 
observation, to be 142<* 14', and 36® 17' S., respectively ; what are its 
latitude and longitude '^—Answ. Lot, 46° 48' S.; Ion. 160° 2^. 

Ex. 2. If the latitude of a star be 1® 12' N., and its longitudes 
135® 36', what are its right ascension and declination? — Answ* B,A, 
= 138® 32'i, (260.= 17® 19'| N. 

Ex. 3. When the sun's longitude is 43® 47'» what are his right 
ascension and declination? — Answ, J3./l.z=41® 19^ (;76c.= 16®69'^N. 

Ex. 4., If, by observation, the sun's declination be found "to be 
22^ 30', and his right ascension 72® 35', what is the obliquity of tha 
ecliptic? Find, also, the sun's longitude. — Answ, Obliquity z=i2d^ 
28', very nearly; fc>n.= 73® 57'. 

Ex. 5. Required the sun's right ascension and longitude, when his^ 
decHnation is 11® 44' S,—Answ, B\ ^.=208® 36', or 331® 26'; 
fon.=210® 42'i, or 329® 17'^. 

Ex. 6. If the right ascension and declination of the moon be respec- 
tively 0® 33', and 5® 19' S.; and those of the star Regulus 148® 49', 
and 13® lO' N.; what is their distance asunder? — Answ, 147® 46'. 

Ex. 7. If the sun's longitude be 202® 24'J, and the mtoon's latitudor 
and longitude, 4® 64'^ N. and 89® 25'\ ; what is their distance asun- 
der?— .Iww. il2® 53'i. 

Ex. 8 Required the distance between Belfast, in lat. 54® 36' N. 
Ion. 5® 64' W. and Port Jackson, in lat. 33® 51' S. Ion. 149® 52' E — 
Answ. 153® 13'i, or 10680 English miles (69^^^^ to a degree). 

Ex. 9. Suppose the distances of a comet from Aldebaran and Re- 
gulus to be observed to be 40® 12' and 51® 36' respectively: required 
its latitude and longitude, the respective latitudes of the two stars being 
5® 28'| S. and 0® 27'i N., their longitudes 67® I2'i and 147® 15'^, and 
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the comet being soutli-east <rf the ai*c of a great cude joining them. — 
Aniw. Lot. '2S^ (yj S.; hn. 102o l^. 

Ex. 10. Required the times of the snn*s rising and setting at Glas* 
gow (ktitade 55^ 52" N.) on the longest and shortest days (June 21, 
and December 21), his declination at those times being 23^ 26\ 
Answ. Longest day, vising, 3" 20- 44*; setHng, &" 39* 16': shortest 
day, rising, 8* 39" 16*5 seUing, 3^ 20* 44*.* 

Ex.11. When the sun's declinKbion is 23^ 26' N., required ilie times 
of his rising and setting at Belfast and at Port Jackson : required also 
his amplitude at each ; Ids azimuth, and his altitude or depression at 
six o'clock; the time when he is west at each, and the altitude oif 
depression at that time. 

Answ. At Belfast, rising, 3" 29i"; setting, 8" 30^"; west, 4»» 481"; 
At P<yrt J. 7* 7i"; 4h 62i-; 8" ilj-; 

At Belfast, amplitude, 43® 26' N.; azimuth at six, Y6® 53' from N.; 
At Fort J. — 28 89 N.; ; — 70 10 fr(m N.; 

At Belfast, alt, at six, 18" 56'; alt, when west, 29® 15'; 
At Port J, depr, 12 49; depr, ■ 45 38. 

Ex. 12. Given the apparent altitude of the sun*s lower limb, at 
Belfast, April 4, 1823, equal to 29^ 24', at ten minutes past nine in 
the morning, by a clock; to find the error of the clock, t' — Ahsw. 1" 

24* /as*. 



* These answers show the times at which the sun's centre would be on the 
horizon, if no efiect were produced by refraction or parallax, or by the equation 
of time. Should the time be required at which his centre, afifected by the mean 
refraction, would be on the honzon, his zenitJi distance must be taken as being 
90^ 33'; while for finding the time at which his upper limb would be on the 
horizon, this must be increased by 16', his semidiameter : and both computa- 
tions would be effected in the manner pointed out for the solution of Ex. 13. 
Eas)r approximations, however, may be obtained by means of the variations 
of triangles. See Differential and integral Calculus, Section IV. 

In finding the rising or setting of a star, from its rieht ascension in time (in- 
creased, if necessary, X^ 24 hours), take the sun's right ascension; the remain- 
der will be the hour oi the star's passing the meriiuan. From this, take the 
semidiurnal arc to find the rising, and a<m it to it for the setting. If great pre- 
cision were required, t^e sun's right ascension should be found by proportion, 
for the times oi the star's rising and setting, and the operation repeatea. The 
finding of the moon's rising and setting may be facilitated by means of tables 
and ouier contriyances. ^e Mackay on the Longitude, yol. II. 

+ The sun's semidiameter (note, page 71 X being 16', we haye 29® 24'-}-ie'=» 
29r iff, the apparent altitude of the centre ; corresponding to which, in the tables 
of refi*action and parallax, we find 1' 42^', and 7": consequently the true alti- 
tude of the centre is 29® 40'— 1' 42"-J-7"=29® 38' 26". Wow, by the Nauti- 
cal Almanac, the sun's declination, April 3, at noon, is 5® 6' 39", and the next 
day 5° 29' 37"; whence, by proportion, we find the declination, at ten minuted 
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Ex. 13. Required the begmning of monung and the end of even* 
ing twilight at Bel&st, on the first of September, the son's declioation 
being 8» 30' ^*—Answ. 2" 46- mom. and 9*» 14~ even. 

£z. 14. Suppose two altitudes of the son observed in the forenoon, 
in the same place, at the intenral of an hour and a half, on the 25tfa 
of June, to be 28<^ 4(y and 39^ 50'; required the latitude of the place, 
and the times of observationy the declination being 23^ 26^ N.t--* 
Amw. LaUkide, 59<» 17'i N.; times of ohierwOUm, 7^ 8- 24* and 
8" 38™ 24*. 

Ex. 15. How much 8h(»rter is the distance fin»n Port Jackson to 
the Bay of Valparaiso on the arc of a great circle than on their com- 
mon parallel; and what is the highest latitude attained by a ship 
sailing between them on the arc of a great circle, their latitude being 
33« 51' S. and their difference of longitude 136^ 10%—Answ. High^ 
est latitude :=W 54'; differetice of the distances =z7 37 'Q geographie<il 
miles» 

Ex. 16. What is the highest latitude attained bj a ship sailing on 



past nine, to be 5° 26' 54"; and hence (124) the apparent time is fonnd to be 
9b 5« 2i>; and adding 3a 15% the equation of time, we find the true time to 
be 9" 8" 36'. 

* Twilight being supposed to begin and end when the sun is 18° below the 
horizon, we have the zenith distance 108°, the polar distance 81° 30', and the 
colatitude 35^ 24': and the solution will be effected by the first case. 

f To illustrate the method of solving thisproblem, let B and w {fig. 28) be 
any two positions of the sun, and suppose ttrB, wP, to be joined by arcs of great 
circles. Then, in the isosceles triangle BPti/, compute aw, ana the adjacent 
angles. This is most easily effected by dividing it into rightangled triangles by 
an arc of a great circle bisecting the an?le P, and consequentiy the side Bw. 
Then, the three sides of the triangle BZu; bein^ given, let the angle ZBti/ be 
computed, and the difference between it and Pfity will be ZBP ; by means of 
whiwi, and of the sides containing it, the colatitude ZP will be found by the 
third case. Practical modes of solving this useful problem will be fouifd in the 
later works on navigation* 

The problem in \mich the altitudes of two known stars, taken at the same 
instant, in the same place, are given, to find the latitude and the time of obser- 
vation, is solved in the same manner, ezc^t that, unless the stars have the 
same declination, the triangle BPtc/ is not isosceles. 

X In solving this question, there are given„ in an isosceles triangle, two sides, 
each equal to the complement of the latitude, and the contained angle equal to 
the difference of longitude. A perpendicular to the base, fix>m ^e (^posite 
angle, will bisect boui ; and, hence, the resolution will be eliected by No. 85 or 
No. 107. The base is the distance on the arc of a great circle, and the perpen« 
dicular is the complement of the highest latitude. The radius of the parallel 
will obviously be the cosine of the latitude, the radius of the earl^ being taken 
as unity. Hence, the distance on the parallel will be found by the analogy^ 
1 : cos lot, : : diff. Ion. : dwt. on paraUet, 
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the arc of a great circle from Port Jackson to Gape Horn, their lati- 
tudes being 33^ 5V and 55^* 58' S., and their difference of longitadd 
1400 27'?*— ^iww. 72« 41'. 

Ei. 17. In a given latitude, and on a given day, how may the time 
be found at which two given stars have the same azimuth? f 

Ex. 18. The same being given, how may the time be found at whichr 
the stars have the same altitude or depression?]: 

Ex. 19. Given the altitudes of two known stars, at the instant when^ 
they have the same azimuth ; to find the latitude. || 

Ex. 20. Given the difEerehce of the azimuths of two known stars, 
at the instant when they have the same altitude; to find the latitude. 

Ex. 21m To find the latitude at which two given stars have always 
the same altitude, when two others have the same azimuth.§ 



* Here we have two sides (the complements of the latitudes^ and the con« 
tained angle (the difference of longitude), to find the perpendicular drawn 0x)m 
that angle to the opposite side, that perpendicular being the complement of the 
required latitude; and the solution may be effected by finding the remaining 
angles, and then the perpendicular by the rules for resolying rishtangled trian- 

§les ; or, more easily, by finding the parts of the contained an^e by (151), and 
lence (114) the perpendicular. 

f S and S' {fig, 31) being the stars, find (case III.) in the triangle SPS', the 
angle PS'8 ; and in PZS' find (case V.) the an^le ZPS', which will show the 
di&rence of time between the star S' being in its present position and on the 
meridian. 

"l S and S' {fig. 32) being the stars, bisect SS' in M, and join MP, MZ. 
Then, m the tnangle SPS', compute (case III.) SS' and PSS*! andm SMP, 
compute (case III.) MP, SPM, and SMP. From this last angle take SMZ= 
90°, and there will remain ZMP ; and the resolution of the tnangle ZPM, by 
case V. will give ZPM ; the difference between which and the angle SPM will 
be ZPS; and this will give the required time. From this, the method of 
solving Ex. 20 will be manifest. 

J This problem, the method of solving which is plain from the note to Ex. 17, 
affords a mode of finding the latitude of a place. The instant at which the 
stars have the same azimiith can be ascertained by means of a plumb-line. 

^ To show the method of solving this question, let A, B, O, D {fig, 31) be 
the given stars, and suppose great circles to be drawn joining AC, SC, BD, 
PA, PB, PC, PD, and ZB ; suppose also ZE to be drawn perpendicular to 
AB, and consequentiy bisecting it Then, since the stars are given, their right 
ascensions and declinations are given, and their distances asunder can be com- 
puted, as also the angle BCP, by No. 169. In the nextplace, the sides of the 
triangles ABC and BCD being dven, the angles ABv, BCD will be found 
by case I.; and thence CBF aim FCB, then* supplements, will be known. 
From these two angles, and the adjacent side BC, the sides BF and CF, and 
the remaining angle F, can be computed by case IV. Then, in the rightangled 
triangle ZBF, the angle F and the side EF are given, to find ZF : firom which, 
and from CF, CZ wm be known. The angle ZCP will also be known firom 
BCP and BCD; and CP bemg given, the colatitude ZP will be found by 
case III. This solution would evioently admit of several variations. 



T8 MSmOmOiaCiAL AHO aX0G«AFHI€AL xxbsoibes; 

■ Ebc. 22; Giren tb6 lititatioB aiid kmgttodbs of three places on the 
earth's sorfooe; to find the latitodes and loogitades of thetwo jdaoes 
equally distant from them.* 

r Exi 29. -GiYon iis m tiielaet proHem; io find the latitudes and Ion- 
gitndes of the poles of a cude tonohing the thiee great drdos passiag 
^ach tixroligb tif o of the i^bwses. 

Ex. 24. At a giveaplaoQ, to find the greatest azinmth of a giten 
9tar whose d^GUoation is greater than the latiiiMle of the place: to Sod 
also the time, on a giren dhj, when the star will hate the gteatest 
aoBsath, and when» conseqiienlly; it will appear to move perpemficu- 
Uurlj to the hori2on.t 

[ Ex. 25, On what days of ihe year is the snn en the horizaDs of 
Dublin and Pemambueo nl the same instant; their lespeetire lati-> 
tudes being 53^ 2V N., and 8» 13' S.; and their longitudes 6^ 19' W., 
and 31^ S^-W,^ i^-^Answ. The wn wiU set at ^ same ifutant at both 
on the 12th of May and the Ist of August^ and will rue at Icth at 
the same instant on the 29th of January and the lith of Novernber, the 
declination being 18® 6'. 



, * Ther&may be a ainular piohlem reqpectiiig stars. 

f The leq aired jtmnt is that in vHiieh a yertieal circle toaehes the parallel of 
the star's dedkiation, and a circle drawn from the poLe to the point is perpen^ 
dicular to that yerticid circle : whence the azimuth, hoar, and altitude may all 
be foond by lesolYin^ a rightanpled triangle. — ^This exercise will fwnish an ex- 
I^lanation of the conous utct» that when the son's declination is greater thaa 
the latitude of a place on the same side of the equator, the shadow of an up- 
right object on a norizontal plane goes backward each day during a certam 
period, which may be computed. In any latitude, indeed^ the smidow of a 
pin perpendicular to a plane will move aurin^ a part of each da}% contrary 
to ihe usual direction, ir the pliEme be so placeathat the pin will be directed to 
a point of the meridian farther from the derated pole than the complement of 
the sun*s declinaution. 

X In solying this problem, it is evident that the di£Eerence between the hours 
of rising or setting at the two places must be equal to the difference in their 
likening of time, that is, to toe time equivalent to their diflferenoe of longi- 
tade. Denoting, therefore, the latitudes of Dublin and P^namboco by I xoal' 
the aagies eorrespooding to the times from noon to rising or setting by P and 
P, and the difference <$ iongitodeby D, we have (note 1, page 73) oo8P= 
•—tan I tanciee. and oo6P'= — tan? tandec. Dividing the latter by the former, 
and converting the quotient into an analogy, we obtain cosP : cosP : : tan? : 
tan 2; whence, by a process the same as in No. 118, we obtain the following 
analogy: 

ffln(?+r) : — Bin(?— ?) :: cotiD : tani(P+P'). 

Hence, |D being half the difference of P and F, these quantities become known r 
and thence thedcelination from the formula cos P= — tanlat, tandee. It mast 
be observed in the oompatation that the latitude of Pemambueo is to be taken 
negative. 



Ex. 26. Giveii the Icngitnde Of tbe aaceodiikg niade* oC (^^ 
54\ and that of the same node of Pallas 2=:172^ 31': giTen, a2so» the 
inclination of the wbitof the fonner to the edliptics=JO^ 37'^, and 
that of the latter =34^ 37'; to find, the mutual inclinations of the 
orbits of Ceres and Pallas. — Answ. 36<* 18'. 



V 



VII.— DIALLING. 

175. As a fEiriher application of the principles that hare been thus 
fer established, we maj now investigate some of the more important 
parts, of the theory ef diaJfing; a branch of science^ which, notwith- 
standing the very improved methods of measuring time that m'odem' 
mgenuitj has discovered, is still of some value, and of considerable 
interest. 

Since the sun's apparent diurnal motion is unilbrm^ it is plain thaA 
an opaque straight Une or wire, occupying, in free space^ the same 
position as the earth's axi^, would cast a shadow, the plane of whicb 
would revolve uniformly, describing an angular space of 15^ in each: 
hour ; and the same will hold, without sensiUe ei^or, respecting anjr 
line at the earth's surface parallel to the axis^ its difitsnice from the^ 
axis being extreniely ^mall compared "with the sun's distance ftom ther 
earth. Hence, if HR (Jiff. 30) be a great cirde, parallel to theplano) 
of a dial, such as a horizontal dial at the place whose zenith is Z, we: 
have only to find how HR would be divided at differ^t times by ih^ 
shadow of the axis PO, which would evidently divide the equator 
EQ, and consequently, the angular space about ]P, into parts proper-; 
tional to the times in wludh they are described. To eifect this, we>, 
^ve» in the rightangled triangle PR^, PRs;:90^— RQr^thecoinpler 
];aent of the inclination of the planes of the equator and dial ; RP^,; 
the measure in degrees of the time between the instants at which the^ 
shadow occu|Mes the positions PQO and PLO; and R$ wiH be ther 



• The two opposite pomts in which the orbit of a planet cuts the ecliptic, 
are called the nodes of its orbit ;— theone in which the planet crosses tlw eclip- 
tic northward, tiie ascending node, — ^the other, the descendifiag op», ^ . : 
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measure of the angle at the centre of the dial corresponding to that 
time ; and bj the resolution of this triangle, we have 

R : sin PR (or cos RQ) :: tanRP^ : tanR«. 

Hence, putting I to denote the inclination of the plane of the dial to 
that of tiie equator, P equal to the horary angle "KPs, and H equal to 
the arc R^, or the hour angle on the dial, we have 

R : cosi :: tanP : tanH (219) 

176. In case of a horizontal dial, the angle I is evidentlj equal to 
the complement^ of the latitude, and (219) becomes 

R : sin^at :: tanP : tanH (220) 

177. In case of a vertical south or north dial, that is, a dial whose 
plane is perpendicidar to the meridian and horizon, and which, there- 
fore, has its face directed exactly towards the south or north point 
of the horizon, I is equal to the latitude; and, therefore, (219) be- 
comes 

R : cosZa^ :; tanP : tanH .... (221) 

178. To exemplify the use of (220) in the construction of a hori< 
2ontal dial for Belfast, by taking the latitude in that formula equal 
to 54« 36', and P successively equal to 16®, 30^ 46^ 60^ 75°, and 
90«, we find the hour angle for one hour to be 12^ 19', for two 26« 12', 
for three 39^ 11', for four 54° 41', for five 71« 48', and for six 90^.* 
Then (Jig. 32) draw two parallel lines, a&, a'&', at a distance asun^ 
der, equal to the thickness of the stile, and let them be crossed per-* 
pendicularly by 6cc'6, the six o'clock hour line. Draw, also, ell, 
clO, c9, &c. making with ca angles respectively equal to 12^ 19', 
25^ 12', &c. and draw c'l, &2, c% &c. making equal angles with &a'. 
The hour lines for the times before six in the morning, and after six 
in the evening, are found by producing 3&, 4c'^ 5&, through c'; and 
7c, 8o, 9c, through c. The stile is to be a firm slip of metal, or other 
substance, alike thick throughout, having its back a plane inclined to 
the plane of the dial on the northern side, at an angle equal to the 
latitude, and meeting it in the points c&. The half hours, quarters, 
or other minuter divisions, if the dial be on so large a scale as to ad« 
mit them, may be obtained with nearly sufficient accuracy by dividing 
the angular spaces between the hour lines into equal parts. Should 



• For Glasgow (latitude 55"^ 62') the hour angles are 12^ 30', 25'* 32'J, 
89° 3ri, 65** e^, 121^ 4', and 90**, 
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much a^coraogr be required, kowever, the analogy (220) will give tho 
angular spaces with precision bj taking P in it suecessivelj equal to 
70 3(y, W+7^ 30', &c. for the half hours; and equal to 3° 45\ 7° 
30'+3° 45', &c. for the quarters. It \a plain that the line bounding 
the dial, which in Jig, 34 is a ckcle, may be a square,, or any other 
figure that the nmker of the dial may prefer ; and the northern side 
of the stile may be stra^ht or ciuTed, or of any outline whateyer. 

179. A north or south erect dial would be constructed by meana of 
(221) in a manner exactly similar. On the south eieet dial it ia u»- 
necessary to put any hom;^, except those between siz in the morning 
and six in the eyening,. as the sun can noYer shine on it at other times. 
According, also, to £z. 11, page 75, the sun can shine on a north 
erect dial at Belfast, even at the longest day» only a little more than 
the timo before seven in the morning and after five in the eveniBg ; 
and, therefore, in constructing such a dial» the intermediate hours 
may be omitted. The angle of the stile is equal to the colatitude. 

180. If the dial be a polar one, that is, if its plane be perp^dtcular 
to that of the equator, the formula (219) fails ; but the construction 
is more simple. Thus, in case of a vertical dial (Jig, 35) fsudng the 
east or west, the hour lines are all parallel and the stile is erected 
perpendicularly on the siz o'clock hour line,, to which its back is pa- 
rallel. Then, if the height of the stile be assumed as radius, the dis- 
tances from the siz o'clock line to the seven o'clock and five o'clock 
lines are each, according to the principles ezplained in No, 175, the 
tangent of 15° : the distances to the next lines are each the tangent 
of 30^, &c. Hence, if < be put to denote the height of the stile, and 
H' the perpendicular breadth on the dial between the sis o'clock line 
and any other hour Une corresponding to P, the distances between 
the six o'clock line aod the others may bo computed by this analogy^ 

R : tanP :: « : H' (222) 

Thusiy if the height of the stile were 2 inches, we should have the dis- 
tance between the six o'clock hour line and the five or seven o'dock 
one equal to *5359 ; the distance between the same and the four or 
eight o'clock line equal to 1*1547, &c. These distances may be easily 
determined by construction, without GomputatioB» by describing from 
C as oentre, with a radius equal to the height of the stale, an arc 
AB of 90^ and dividing it into six equal parts. Then, straight lines 
drawn from G through the several pcnnts of division wiU cut DE in 
tto points 7, 8, 9, &g. The dial is to be placed so as exactly to face 
the east, and so that a line drawn through 0, and making with C A 

L 
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an angle equal to the latitude, may be horizontal ; as bj this means 
the back of the stile will be parallel to the earth's axis. 

It is plain that the same dial would seire as a west erect one, if the 
nmnbers 1, 2, 3, &c. were substituted for 11, 10, 9, &c. 

181. Haying now seen the method of constructing horizontal dials, 
and vertical ones facing the four cardinal points of the horizon, we 
may consider briefly the theory of those dials whose planes occupy 
other positions. Of these there are two varieties, vertical declining 
dictU, and inclining dials. A vertical declining dial has its plane 
perpendicular to that of the horizon, and cutting it at a distance from 
the east and west point called the declination of the dial ; whfle an 
inclining dial has its plane oblique to the plane of the horizon, and 
making with it an angle called the inclination of the diaL 

182. It is plain from No. 175, that a dial which is truly constructed 
for any place whatever on the earth's sur£u;e, will divide the time 
truly at any other place on its surfeuse, and in any position, provided 
its stile is perpendicular to the equator. Hence, a horizontal dial, 
constructed for any given place, will divide the time truly at any 
other, if it be so placed that its plane and its stile are parallel to 
their original positions ; and, conversely, a dial may be constructed 
on a declining or inclining plane at a given place, by finding the two 
places whose horizons are parallel to that plane, or, which is the same, 
by finding the positions of the poles of the great circle parallel to it ; 
as a horizontal dial for either of those places will indicate the time 
truly at the given place, except the difference in their reckoning of 
time arising from their difference of longitude, if they be not on the 
same meridian. 

183. These principles will be illustrated by the following example : 
If, at Belfast, a great circle cut the horizon 33^ 45' from the south 
towards the west, and be inclined to it at an angle of 25°, rising 
above it on the north-western side, it is required to find the latitude 
and longitude of the place in the northern hemisphere, of which this 
circle is the horizon; 

Let Z {fig, 30) be the zenith of Belfast, and B the pole of the 
given circle, or the zenith of the required place. Then, since the 
given circle and the horizon are inclined at an angle of 25°, ZB, the 
distance of their poles, will likewise be 25°. It is also evident, that the 
angle EZB is the complement of 33° 45'; and therefore BZC is equal 
to 33° 45', and PZB to 123° 45'. From these, and from ZP, the co- 
latitude of Belfast, we find, by case III., BPZ=26° 8', PBZ=37° 8', 
and PB = 52° 56'. The last of these quantities is the colatitude of 
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the required place, and consequentlj its latitude is 37° 4'; also, BPZ 
is the difference of longitude of Belfast and the required place. Now, 
by reducing this difference of longitude to time, according to note 
(part 23), page 68, we obtain^ 1"* 44" 32% the quantity by which the 
reckoning of time at the place whose zenith is B, is more advanced than 
the time at Belfast. Hence it appears that, were a horizontal dial 
constructed for latitude 37° 4', and erected at Belfast in the position 
described in the problem, with its stile directed to the pole, it would 
constantly indicate the time I'' 44" 32' too far advanced ; rnaking it 
appear, for instance, to be twelve o'clock, when it is only 15" 28' past 
ten. The time, therefore, might be ascertained correctly at Belfast 
by such a dial, placed so as to be parallel to its original position, by 
always subtracting the constant quantity I'' 44" 32'. This subtrac* 
tion, however, which would be very inconvenient, may be obviated in 
the following manner. 

184. Draw the parallels {fig. 36) C5, cV, making each with ah an 
angle of 37° 8' (= PBZ, last No.) ah being the intersection of the 
plane of the dial, and a vertical circle perpendicular to it: then the 
stile is to be erected perpendicularly on the space «ccV, which is 
therefore called the suhstile; and, by what we saw in the last No., 
when the shadow fells on this space, it is 15" 28' past ten o'clock. 
We have now (220) R : sin 37° 4' :: tan 26° 8' : tan 16° 28', the 
hour angle on the dial between" the substile and the twelve o'clock 
line. Again, 

R : sin37« 4' : : tan (26° 8'— 15°) : tan 6° 46\ 

R : sin37° 4' : : tan(26° 8'+15°) : tan27° 46', 

R : sin 37° 4' : : tan (26° 8'— 30°) : tan (—2° 20^), 

R : sin 37° 4' :: tan (26° 8'+ 30°) : tan 41° 46'. 

These are the angles which the hour lines for eleven, one, ten, and 
two o'clock make respectively with the substile ; and the other hour 
angles are found in a similar manner. The angle of the stile is 37° 4'; 
and the dial is to be erected in such a manner that, if two plumb- 
lines be suspended, one above a and the other above h, a horizontal 
line passing through them may be directed to a point of the horizon 
56° 15' (=90°— 33° 45') from the south towards the east, and so 
that the line ah may have an elevation of 25^, at the north-western 
side. 

185. Bytaking Z=37°4', and<«=23°28' (in the note, page 73), we 
get P=7** 17°*, which is half the length of the longest day at a place 
in the latitude of 37° 4'. Subtracting this from 10** 15", and als» 
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adding it, we get 2^ 58* and 17* 32". From this it appectfs that, at 
Belfast, the son would cease to shine en iMs dial on the longest day 
at thiitj-two minutes past five in the evening; and that, if lie rose so 
soon, he would begin to shine on it at jbwo minutes before three in the 
morning. Hence, as &ie sun rises that daj at half-past three, it is 
mmeoessary to mark any hours on tiie dial «2cept those between that 
bour and half-past fire or six in the evening. 

186. In case of a Terlacal dedining dial, the process is rather more 
simple, ZB (Jig. 30) being a quadrant. The simplest of all dids, 
however, is the equ(Xk>ritd or eqwmoctial one, so called from its plane 
being paraM to that of the equator. It will appear, from the sUglit- 
est consideration, that each hour line will make, with the one next to 
it, an^angle of 15^, and consequeatly Hiat the positions of the hour 
Bnes wiBl !» tybtained by tlividing each quadrant into six equal parts. 
It is manifest, also, that the stile will be a pin perpendicular to the 
plane of t^e dial ; smd that, during the six summer months, the sun 
will shine on the upper side of the dial, and, durifig the rest of the 
year, on the other side. 

187. The determination <yf the meri<!&m Bne is necessary to enaUe 
us to gtve to a dial its proper position at any particular place. This 
may be efPected by marking the position of the shadow of an object 
perpendicular to a horizontal plane at a particular instant, and at the 
same time measuring Hie sun*s altitude by ti quadrant or other instru- 
ment. Then, in the triangle ZBP (Jig. 30) there are given the 
three sides to find the ai^le PZBi, the azimuth from the north ; and 
one of the lines drawn on the torieontal plane, making with the 
direction of the shadow an angle equal to the computed one, will be 
tlie meridian line. 

The same may also be effected by bisecting the angle contained 
by the shadows of a perpendicular object, on the same day, at the 
two times when it has the same altitude. If this mediod be employed, 
the observations should be made about the solstices. 

It may "be observed, in conclusion on this subject, <diat, to find the 
true time by means of a sun dial, the time which it indicates must 
always be corrected for the equation -of time, the table of which is 
given in almanacs, and various otber publications.* 



* The foregoing section exhibits the general principles on whidi iAie construc- 
timi of ^he (xnatDOBfer 4dndfi >of idials dSpenAiL Dials muj «lso he desfnfaed an 
'ourve «ttrfaioes'; and there'are yariouB^otherfmodes of •deleraaming time by means 
of shadows, several of which are ingenious and interesting. For information 
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VIU.— MULTIPLE ARCS. 

188. By squaring cos A+sin AV — 1, we obtain 
(cosA+8inA\A^)2=co82A — «m^A+2cosA.siriAV — 1; 

or, by the application ef (38) and (37), 

(cos A+sin A V — l)2==cos2A+5in2AV — L 

Multiply by cos A+sin A V — 1, and modify the second member of 
the result by (14) and (12); then, 

(cos A + sin A V — 1 )'= cos*3 A + sin 3 A V — 1 . 

By successive multiplications by cos A + sin A V — 1, and by means 
of (14) and (12)j we should find that* n beizjig anjr wiiole positive 
number, 

(C08A+3BinAV^)"r=i30snA+abiiiiAV^*- (223) 

It will appear hereafter (Nos. 190 and 191) that this formula holds 
true wben n is any number, whole or fractional, positive or negative. 

189. By taking A negative, iAxe lasrt formula becomes (Nt). 14) 

(cos A — sin A V — 1)"= gos.» A — sinn A a/^ .. . (224) 

Tins result might also be x)bt«ined from <cos A — sin AV — 1, by a firo- 
oess nearly the same as that in No. 18fi; and it will Appear Jiereafter 
(Nos. 190 and 191), that this formula will also hold when m is any 
numiser, either whole 0r fradbkxoal. 

190. If co»« A+sin« A V — 1 be m^tipliedfery oosn A — sinw AV^, 
the "produot is cos'w A+'sin^w A; wiridii (4) iss: I. HenLoia, by di- 
vision, we get 

1 

— — -; — : r^==^=500B«A-^fiimi» AV — 1 ; 

cos n A+ sm n A v — 1 

or, by substituting for tbe4enotni&ataritB equsiin {22^), 

I _ 

(cosA+siaAV-l)«='^'^^-'^^^^-^' ^^ 
(-cos A+'sm A V — 1)"^»oob« S^c — sinii A V^. 



•■P»«»— ^"i"^!^ 



Tei^ediing fSbesecofiiftriyimeeB, an w^ as'inaiw«therj)airfneiz]arB*eeim6eftod 
j^e fiubjeSt^ Bhould tiie stiadeiit &el« iKMhtfeooeiirote'time to.a Bfettdy that i8.Bioce 
cumousithan useful, recourse may ^tiad to the treatises '!Rqitten'e2q>ressl^ on 
thh brandi of science. 
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Now (No. 14), cosnA=co8( — nA), and sinnA = — siii( — nA). 
The last formula, therefore, may be written 

(cos A+sinAV — l)~"=cos( — nA)+Bin( — nA)V — 1 ; 

a formula which proves that (223) is true when n is a negative in- 
teger, as well as when it is a positive one. 

191. The same formula is also true when n is a rational fraction. 
To prove this, it follows, from (223), that p and q being any whole 
numbers, positive or negative, 

(cos - A+ sin - A V — 1)'= cosp A+ sinp A V — 1 

= (cos A+ sin A V — l)p ; 
whence, bj extraction, and bj taking the second member first, 

(cos A+sinAV — l)'9=cos*-A+sin- AV — 1 ; 
V ' q q 

a formula which, if n be taken instead of the fractional index, is the 
same as (223). 

It would be shown, in a similar manner, that (224) is true, while n 
is rational, whether it is whole or fractional, positive or negative. 

If n be a surd, or any other irrational number, we can find a frac- 
tion differing from it by a quantity less than anything that can be 
assigned ; and hence (223) and (224) are proved to be true for any 
real value whatever of n. These two important formulas were dis- 
covered by De Moivre. 

192. The formulas (223) and (224) are true without any modifi- 
cation, when n is a whole number. To show how they are true, and 
how they give the different values of the left-hand members, when n 
is a fraction, we must substitute for cos A and sin A their equals, by 
(10) and (9), cos(2n'flr+A) and sin(2n'flr+A), n' being an integer. 
By this means, the first members remaining unchanged, we obtain 

(coflA+BinA\/I^)^=co8(2nn'«r-|-nA)+8in(2nw'ir+nA)V^ (225) 

(cobA— smAV^)'^coB(2nn'ir+nA)— -sin(2nn'ir-[-nA)\AlIi (226) 

These formulas are true for every value whatever of n. If it be an 

integer, the second membera become simply cosnA=izsinnAV — 1» 
and the formulas are therefore reduced to (223) and (224). If n be 
a fraction, the left-hand members will have, by the theory of equa- 
tions, as many values as there are units in the denominator of n; and 
these values will be found by taking nf successively equal to 0, 1, 2, 
3, &c. When, in these successive substitutions, n' is at length taken 
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equal to a denominator of n, the product nnf will be a whole num- 
ber, and (No. 12) the resulting value of the second member is the 
same as when n'= ; so that the right-hand member will thus, as it 
ought, have just as many values as the left. 

193. To illustrate the forgoing remarks bj an example, let n = | ; 
then (225) becomes 

(cos A+ sin AV^)«= cos(inV+ 1 A) + sin(|nV+} A) V^l ; 

and by taking n' successively equal to 0, 1, 2, and 3, we find the only 
four values of the second, and, consequently, of the first member to 
be 

cosf A + sin I A V — 1, 
cos (2700+ 1 A) + sin (270° + 1 A) V^l, 
cos(540o+|A) + sin(540o+f A)V^, and 
cos(810o+|A) + sin(810o+|A)V^; 

or, by contraction, by means of No. 12, and formulas (12) and (14), 

cosfA+sinfAV — 1, sin J A — cosJAV — 1» 

— cosf A — sinf AV^ — 1, and — sinf A+cos| AV — 1. 

Were n' taken equal to 4, 6, 6,.&c. we should have the same series of 
values recurring perpetually. 

194. By taking half the sum and half the difference of (223) and 

(224), and dividing the latter by V — 1, we obtain 

cosn A=iJ(cos A+sin AV^)"+ (cos A— sin K^—iy\ (227) 

sinn A= —==: J(cos A+ sin A V^)"— (cos A— sin A V^)"J (228) 
2v — 1 

195. By expanding the parts composing the second members of 
these, by the binomial theorem, and contracting the results, the ima- 
ginary expressions disappear, and we obtain the following interesting 
formulas for the cosine and sine of a multiple arc : 

cosn A=cos" A i ^ cos*^'A sin^ A 

^n(n-l)(«-2)(n-3)^^^,^ sia^A-Ac; (229) 

i*^.o«4 

sinwA=ncos*^*AsinA ^ ^i oq cos"""'A sin'A 

, n(«— 1) (n— 2) (n — 3) (« — 4) ' . . . . . « ,oon\ 

+ -^^ ^ oo\ g — ^ cos*'-*A sin*A — &c (230) 

1.2.3.4.5 ^ ^ 
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VHien n ifl a ^rie poaitnre number, same one of the factors n — U 
ti— 2y &e. will yankh bj beisg n — n» sad the series will consist of a 
finite sraniber of teisos; but if n be fractional, the series will be in- 
finite. 

196. Bj taking n saeeessiyelj equal ta 2, 3, 4, &c. in these, and 
substituting 1— cos* A for sin* A in the first, and 1 — sin' A for cos* A 
in the^ second, we obtain the following systems of the cosines and sines 
of multiple arcs: 

cos2A= 2 cos* A — 1 
cos3A=: 4cos'A — 3cosA 

cos4A= 8cos*A — 8cos*A+l ^ (^'M^ 

cos5A=16cos*A— 20cos'A+5cosA ' ^* ^ 

co86A= 32cos«A— 48cos*A+18cos»A— 1 
&c. kc, te, 

8in2A= 2sinAcosA 

sin3A= 3 sin A — 4sin^A 

sin 4 A= (4 sin A — 8 sin' A) cos A » {232"^ 

sm5A= 58inA— 20sin*A+168in«A ^ "* ^ ^ 

sine A=r (^sin A]— ^sin'A+32sin«A)c08 A 
&c. &c. &0. 

197. We may now investigate the method of trausfi»rming a power 
of the cosine or sine of an angle mto an expression e(»xiposed of sines 
or cosines of its multiples, — an important problem which is the con- 
yerse of the one investigated in No. 195, To effect this, assume 

cosA+ sin AV — 1=;8^, and cos A — sin A V — 1=£«. . 

Adding these together, we get 2coaA:=zz + v; whenee, hy the bino- 
mial theorem, 

2»cog"A= W■»>^^t>+^I^^r-^t/'■^'*^'*^^^ ^'^^^V-'t/'-F &c. 

But, by No. 190, jsv^ily and consequently its powers, «*«*, &c. are 
equal to the same. These fkctors, therefore, will disappear in the 
foregoing development. We have also (223) 

;3^"= cos n A -}- sin n A V — 1, 
«r— *z=cos (n—2) A+ gin(n— 2) A\^=l, 
&c. &c, &c. 



(233) 
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Then, bj substituting these for their equals, and by separating the 
real and imaginary parts, we obtain 2** cos" A 

~ ^ + 1 «innA+n«n(n-2)A+t±:^^,m(»-.4)A ) ^^"^^^^-^^ »iD(«.^g)A-|-&«. \ V"^^ 

198. This formula is general, being, like those from which it is 
derived, equally applicable, whether n is integral or fractional. When 
n is a whole positive number, the second part of the series vanishes, 
and the expression becomes simplj the fcUowing, which will consist 
of n+1 terms, the first and last of which are equal, as also thoaq 
equaUj distant from them: 

*»co»«A=:«08nA+»eof(n--2)A+~^co8 (n— 4) A + " , Ji" "" coa (n-6} A-f &c (834) 

To illustrate this, it is plain that, in both parts of the series, the 
coefficients of all the terms following the first n+l terms would 
vanish, in consequence of containing the factor n — n. It will also 
be seen that the numerator of the last coefficient will be n(?^— 1)„... 

3.2.1, and its denominator 1.2.3 (n — l)w, so that the numerator 

and denominator being equal, the coefficient itself wiU be unity, the 
same as the coefficient of the first term ; while, in the coefficient of the 

last term but one, the numerator will be n(n — 1) 3.2, aud the 

denominator 1.2.3 (n — 1), so that the coefficient itself become^ 

simply n, the same as that of the second term: and a like illustration 
is applicable in respect to the other terms. It is also easy to see 
that the arc in the last term is — nA, that in the preceding term 
— (n — 2) A, &c. the negatives of the first, second, &c. terms; and, 
since, as we have already seen, the coefficients of these terms are 
equal, it follows (No. 14) that, in the second part of the series, the 
first aixd last terms, the second and the last but one, &c. mutually 
destroy one another ; and, when n is even, the arc in the middle term, 
and consequently its sine, will become nothing. From this it appears 
that, when w is a whole positive number, the coefficient of V— 1, 
becomes nothing; and, therefore, the second part of the series dis- 
appears. 

199. By taking n successively equal to 2, 3, 4, &c. in (234),* and 
halving the seyeral results, we obtain the following system: 



* In deriving these, we may avail oure^ves of contractio|ia arising from the 
consideratiozui contauied in ibe last No. Thou, wh^Q n is odd, nod Qonae- 

M 
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2co8*A = cos2A+l 

4 cos* A = cos 3 A 4- 3 cos A 

8cos*A=cos4A+4cos2A+3 >^ C2^!i\ 

16cos*A=:cos5A+5cos3A+10cosA ^ ^ ^ 

32cos«A=co86A + 6co84A+15cos2A+10 
&c. &c. &c. 

200. Take the difference of the formulas at the beginning of No. 
197, and multiply by — V — 1; then, 2sinA=:(;cr — ©) ( — V — 1). 
Expanding this by the binomial theorem, and proceeding as in No. 
197, we find 2" sin" A 

cou nk—n cos (n — 2) A + " ,T <«>■ («— 4) A— &c. J 



'+5 »innA-n»in(n— 2)A-|-tSi^-llsin(n-4)A— &c. ? yZ 



201. We may now consider this formula when n is a whole positive 
number,* and we shall find that it takes different forms according 
to the form of n. It would appear, as in No. 198, that when n is even, 
the second part of the series vanishes, the coefficient of V — 1 be- 
coming nothing. In this case, also, if n be 4, 8, 12, &c. or, in gene- 
ral, if it be of the form 4 m, m being a whole number, the multiplier 
( — IV — ly will become simply 1; but, if n be 2, 6, 10, &c. or 
4m + 2, the multiplier will become — 1. On this supposition, there- 
fore (236) will be reduced to the following, in which the upper sign 
is to be used when n=4m; and the lower, when «=4m+2: 

2"sin"A=rr±= i cosnA-— n coB(n — 2)A-\ — ■ ■ cofl(»— 4) A— &c. \ . (237) 

202. If ^ be an odd number, it would appear, in nearly the same 
manner, that the first part of (236) would vanish, and that the 
formula would be converted into the following, in which the upper 



qiiently the number of terms even, the second members will be fomid simply by 
substituting n m the general formula (234), and taking all the terms in wnich 
the arc is positive ; and, in addition to Ihis, when n is even, ihe last term, 
which is a number, is to be halved. The same is to be observed in respect to 
(237) and (238). 

* When n is a fraction, (233) and (236) give the several roots or values of 
2" cos" A and 2" sin"A ; but the examination of this part of the theory is not suf- 
ficiently elementary to begiven here. The subject of this Section has been 
lately examined by the !French mathematicians, Poisson and Poinsot, and 
freett from errors which had escaped the obsertation of former writers. 
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Bigii id tQ be used when n = 4m-f-l» aad the lower whenn = 
4m+3: 

2-sm-A==±= {sinnA— n sm(w--2)A+?i^f2z±) Bin (nr--4) A— &^^ (238)' 

203. Bj taking n equal to 2, 3, 4, &c. we obtain from the last two 
formulas the following: 

2sin«A=— C0S2A+1 

4sin'A= — sinSA+SsinA 

8sin*A= cos4A — 4cos2A+3 ^ r239^ 

16sin*A=: sinSA— 6sin3A+;i0sinA ^' ^ ^ 

32 sin^A == — cos 6 A+ 6 cos 4A— 15 cos 2 A+ 10 
&c. &c, &c. 

These formulas might also be obtained, very simplj and easilj, 
from formulas (235), by substituting 90°— A for A. 

204. Bj dividing (230) bj (229), and again (229) by (230), and 
then by dividing the numerators and denominators of the second 
members respectively by cos"A and sin" A, we get 

ntanA^ ^<^-7Vl^"^^^ tiin»A+ &c. 

tannA= p .^ 1 ,,, oTT o\ (24*> 

njn-l) n(n~l)(n^2)(n-^8) 

1.2 '^"'^T" 1.2.8.4 

cot"A— 5i!ll±) cot-»A+ &c. 

cotnA= L? (241) 

ncot-»A-. n{n^lHn^2) ^^^^.^^ ^^ 

l.^.o 



IX.— MISCELLANEOUS PROPOSITIONS * 

205. Prove that tl^e sum of the tangents of the three angles of a 
plane triangle is equal to their product. 

This follows at once from Euc. I. 32., and from (43); as, in case 
of a plane triangle, the first member of this equation vanishes, which 



* This Section will be found to contain, in small compass, much usefdl mat- 
ter that could not be given at greater length, wiliiout swelling this work beyond 
its intended hmits. By studying it with care, the student will not ozily be pre- 
sented with usefol exercise on the preceding part of ti^e work, but he will find 
himself enabled to apply with success, the principles already established, in 
such cases as may turn up in the farther prosecution of his studies. 
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can take place only when the numerator of the second member also 
yanishes ; that is, when tan A+ tan B -|- tan Cz=tan A tan B tan C. 

It is endent, also, that, if the sum of three arcs or angles be anj 
multiple of 180°, the product of their tangents is equal to their sum/ 

We should find, in like manner, from (44), thait tlie sum of i3ie co- 
tangents of three arcs is equal to their product, when tbe sum of tb^ 
arcs is (n+-J-)'r, n being any whole number. 

206. Given the base, the vertical angle, and the sum of ite sides 
ci a plane triangle ; to find the sides. 

Since (Euc. I. 32) half the sum of two angles of a triaogla is the 
complement of half the remaining angle, we have, from (76), 

c : a + h :: sin-|C : cos-|(A — B); 

whence the remaining angles will be known, and thence the. remaiur 
ing sides. 

We should have, in like manner, from (77), 

c : a — b :: cos-JC : 6in^(A- — B); 

an analogy which solves the problem in which the base, the vertical 
angle, and the difference of the sides, are given. The same fbnfnufaui 
may also be adapted to solve the problems in which the base, the 
difference of the angles at the base, and eitibear the sum or difference 
of the sides are given; and they solve, without modification, th^ 
problems in which there are given two angles and the sum or dif- 
ference of the opposite sides. 

207. Given the base of a plane triangle, one of the angles at the 
base, and the difference of the other sides; to resolve the triangle. 

Here, taking c as base, and taking half the difference, and half the 
sum of it aad 0^^% we find $ — a and 9— h ; and if A be the given 
angle, we have (82) 

* — h : 9^a :: tan^A : tan^B. 

. 208. Given the base of a plane triangle, one of the angles at the 
base, and the sum of the other sides ; to resolve the triangle. 

This will be solved by means of formula (83). 

209. Given the angles and the perimeter of a plane triangle ; to re- 
solve it. 

By dividing the value of sin^C, according to (79), by the product 
of the values of cos ^ A and cos^B, according to (80), and converting 
the product into an analogy, we obtain 

cos^Acos-IB : sin^C : : # : c. 
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210. GitMi two Ades of a plane triangle, a&d the diflerenoe of the 
opposite angles ; to resolre the triangle. 

Bj (75), a— 6 : <i+b :: tani(^— B) : tani(A+B). 

211. Given the times at which the sun sets and is west on the 
same day, at a particular place; to find liie latitude of the place, and 
the san^B declination. 

To solve this, taking formnhe 1 and 6 in the note, page 73, divide 
the first of them bj the second, and also find their prodoot : then, if 
the signs be changed, the square roots of the results will be the tan- 
gents of the latitude and declination. 

212. Given the time of ^be sun's setting, and his jdiitude at eiz 
o'clock on the same daj, and at the same plaoe ; to find the latitade 
and the declination. 

This question will be easily solved by dividing equation 3 by equa- 
tion 1 in the same note ; as the sum and difference of equation 3 and 
the quotient will become, by (14), (16), (31), and (32), 

,. , ,. 2sinocos2iP /, -ix 2sina sin*iP 

cos(6-f-rf)= r^ f and cos({coa)= rr- --- 

^ "^ cosP ^ "^ cosP 

213. Given the azimuth at setting, and the altitude at six o'clock ; 
to find as before. 

By equalling the values of eind in the second and third of the 
same equations, we find, by an easy process, 

2sina 



sin22 = 



cosZ.' 



214. Given the azimuths of the sun at setting and at six o'clock ; 
to find as before. 

Multiply the second of the same equations by the fourth, divide 
the result by cosZ, and multiply by sind; then, hj wiiting 1 — coa^d 
for sin 2 c?, there will arise 

1 — cos^d =:cos Z cot Z' cos d; 

from which the value of cosd will be found by the resolution of a 
quadratic. 

215. Given the sun's meridian altitude, and his altitude at six 
o'clock, at the same place, and on the same day ; to find the latitude 
and declination. 

Let a" and a be the respective altitudes : then it will be seen from 
fig, 30, that En = Hn+EZ— ZH, or d=a"+l—90'^; whence 6ind= 
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— C06(a''-hQ. By multiplying this bj sin 2, and comparing the pro- 
duct with equation 3, note, page 73, we obtain 

sin? cos(a"+ t))zz — sina, or (17) 
sin (a"+ 2 1) — sin a"= — 2 sin a. 

From this af^+2l, and consequentlj I itself, will be known. 

216. Given the sun's declination, and the interval between the 
times at which he is west and sets ; to find the latitude. 

Let T be the given time ; then P— F=T, and (15) 

cos P cos P' + sin P sin P'= cos T. 

We have also, by taking the product of equations 1 and 6, in the 
note, page 73, cosP cosFr=: — taxied. From the double of this take 
the former, and there will remain 

cosPcosF— sinPsinF or (14) cos(P+F) = — cotT— 2tan2d. 

Having thus the sum and difference of P and F, we can find these 
angles; and, from either of them and the declination, the latitude 
can be found by the note already referred to. 

217. Required the sum of n terms of the two series', 

sinp+sin2p + sin3p+ .... + sinn9, and 

cosp4-cos2p + cos3p+ + cosnf. 

To sum these and similar series', in which the arcs are equidifferent, 
multiply by twice the sine of half the common difference, modify the 
products by (19) and (17) contract the results, and divide by twice 
the sine of half the common difference. Thus, to sum the first of 
these, put 

5=sinp + sin2p + sin3f>+... + sin(« — l)f + sinn9. 

Then, multiplying by 2sinip, applying (19), and separating the posi- 
tive and negative terms, we obtain 2smi\<f> 

__ fcos^p-J-cosf p-)-...-f-cos(n — f 9)+cos(n — ^)f> 

"" \ — cosf f — cosff-|- — cos(n — ^p) — cos(n + 0p. 

Now, it is evident, that the second member becomes, by contraction, 
cosjp — cos(n+i)p, or (23), 2sinjnp sin-J(w-(-l)p. Dividing, 
therefore, by 2 sin J p, we get ' 

sin^nf sin^(n-|-l)p 
sin-Jf ' 
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wbich is the required sum; and, by a process exactilj similar, we 
should find for the other series, 

sin-^n^ cosJ(n+l)^* 

sm^p 

218. Required the sum of n terms of the series, 
cosecA+cosec2A+cosec4A+cosec8A+... +cosec2'^'A. 

Here, by successive applications of (53), we obtain 

cosec A = cot-J- A — cot A, 
cosec 2 A = cot A — cot 2 A, 



cosec 2*"' A= cot 2^* A — cot2*~*A; 

and bj summing these, we find, in consequence of all the terms of 
the second members destroying one another, except the first in the 
first equation, and the last in the second, 

«=cot^A — cot 2*"* A. 



* Diyiding the former sum by the latter, we obtain 

Bin^+sin2^+Bm3y-h +^™^^ _timl(w | l)f. 



cos^-|-co82^cos3^-(- 4-co8n^' 

From the first of the foregoing smns it would appear, by taking ^=rl', that the 

sum of the smes of all the mmutes m the quadrant is= ^^.-„^, 

=3438*2468 ; and, in a similar maimer, the sum of the cosines of the mmutes 
in the quadrant would be found to be 3437*2468, being less than the foregoing 
by the radius. 

In the sums found aboye, it may be rranarked, that the arc in the denomina^ 
tor is haJf the common difference ; and, of those in the numerator, one is n times 
half the common difference, while the other is half the sum of tiie arcs in the 
first and last terms. The sum of the arcs themselves is ^n (n4-l ) ^, or, as it may 

be expressed. « ^' ^ ' '^ , an expression analogous to the first of those 

found above. 

To find the sum of an hdimte number of terms of series*, such as those in 
the text, Cagnoli modifies the numerator of the sum by ( 19) or (17), and rejects 
in the result the term which contains the infinite arc ; as, he says, tlie sine or 
cosine of such an arc is unassignable. In this way, the sums in the text would 
become ^cot^4>, and —^\, This is an error, however; as the sine or cosine of 
an arc mdennitely increased is unassignable, not from its minuteness, but 
from its perpetually changing its magmtude as the arc varies ; and hence the 
sum of the mfinite series m both cases, is indeterminate^ as there is no limit 
to which it approximates. 

The sum of m terms of the series, sin^-}-^" sin2^-|-3" sinS^-t"^" 8in4^-|- &c. 
or of any similar series, either of sines or cosines, when n is a whole number, 
would be found by multiplying n4-l times by sinjf , and each time applying 
(19) or (17) ; or, more generalfy, tne same method is applicaUe in aU cases^ 
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219. Required the sum of n terna, and the siun oi an infinite nnm- 
her of terms, of the series, 

sec'A+Asec2lA+TV8ec»JA+^sec'^A+ &c* 



OS'X 



To sum this, we have sec*ar=: — — =: ^-^ — =; . , ^"^ t 

cos^x sm^jpcos'x sm^xcos^jr 

1 coa^x 4 14 1 



sin 2 x cos' X sin'x cos-x 4gin2xco3-jr sin-a: sm-2x sin-x' 

Taking x in this formula successiyely equal to A, ^A, ^A, &c. and 
dividing the second result by 4, the third bj 16» &c. we obtain 

2A__i_ 1 

i8ec»iA=— ^— j^j^^, 

1 1 

T^sec iA— ^^^^^^ IGsin^iA' 



-L . A 1 1 



4-»8in»^;;ri 4-'8in»g;;^, 



and adding these together, we get 

4 



'""8in22A ., , . , A " 

4-'sm'^, 

Now if n, the number of terms, become infinite, the arc in the 
denominator of the last term will become infinitelj small, and there- 
fore (No. 162) equal to its sine. Using, therefore, the square of the 
arc instead of the square of its sine, and observing that 4*~' is equal 



when the arcs are equidifierent^ and the coefficients are such that some of the 
orders of successive differences vanish ; such as when the coefficients are fign- 
rate numbers, or the powers of equidifferent numbers. 

It may be proper to remark, that if in the two series' considered above, and 
in tiieir sums, ^ oe changed into ^ — ^, we should obtain the sums of the two, 

sin^ — Bin3^+sin8^ — sin4^-|' dbsinnf, and 

cos^ — cos2^-{~cosd^ — sini^-h =t: cosnf. 

* A tMries similar to this is proposed for summation in Luby't Tiigonometrr, 
page 92, No. 10 ; bat both the result, and the prindpiles on which it is obtainaa, 
are mcorreet. 
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to the square of 2"~\ if we put x' for the sum of the infinite series^ 
we get 

4 1 



^= 



sin22A A*' 



1 4 

Hence, -T-; ===--:---— -- — 8'=:4cosec'2A — »', a formula which riyei 
A* sm22A ® 

the square of the reciprocal of an arc, and thence the arc itself, bj 
means of the cosecant of its double, and of the secants of itself, its half, 
its fourth, Ac. Thus, if A=45°=:J'r, we get, since cosec 90^= 1, 

-^iTj=4— (sec245o+ Jsec>22o SO'+T^g^secnP 15'+ &o.) 

Now, from (38), we have 1+ cos 2 A =2 cos* A; whence, bj divi- 
ding both members by l+cos2Ay and cos'A, we get seo'Anss 

2 

YH s-r- ; a formula by means of which, and of (73) and (74), the 

l + cos2A -^ \ • \ • 

square of the secant of half an arc may be computed. Thus, by 
taking A successively equal to 46®, 22®, 30', &c. we should find the 
values of the cosines of these arcs, and thence sec'46®, sec*22® SC, 
sec 2 11® 16', sec* 6® 37'i, &c.; by employing which in the foregoing 
formula, we should be enabled to find the value of ^. As, however, 
this important number may be more easily calculated by other means, 
it is unnecessary to give liie computation here ; but it may serve as 
an exercise to the student. 

220. If the logarithms of two numbers, a and 5, be given, the loga- 
rithms of their sum and difference, and of the sum and difference of 
their squares, may be obtained in the following manner, without 
finding the numbers themselves. 

h h 

Put a+6 under the form a(l + -); and put -=tan'f, so that, sup- 
plying the radius, taking the logarithms, and halving, we shall have 
logtanf=l(20-t-log6 — loga). By this means, we obtain a-}- 6= 
a(l-J-tan^g)z=osec^f ; whence, by supplying the radius, and taking 
the logarithms, we get log(a-|-6)=loga-|-21ogsec^ — 20. 

Again, putting a — h under the form a ( 1*^ - j, assume - = sin ' ^ ; 

then, a — 6=:a(l— 8in'f)=:acos'g. Henoe, therefore, find ^ .from 
the equatioii Iog8infs=^(20+log5-^loga); then log(o — &):slo^a + 
2Iogco8^ — 20. 
By a similar process, we should find that, if logtangc:10+log6 

N 
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— log a, then log(a'+6')=2(loga+logsec£ — 10); and if logsm^ 
=:10+Iog6 — log a, then log(a' — 6*)=2(loga+logco8£ — 10). 
The same results might also be obtained in other modes. Thus, 

putting a + & under the same form as before, and assuming -=:cos^, 

we get a4-6=a(l+cos£)=2aco8'^^. Hence, therefore, find ^ 
from the equation log cos ^=10+ log 6 — ^loga; and then will log(a+h^ 
=:log24-loga+21ogcos^^ — 20. In using this method, the greater 
number must be put =:a, as otherwise cos^ would be greater than the 
radius. 

The principle employed in this No. — that of introducing an auxi- 
liary arc — is often useful in adapting formulas for computation 
by means of logarithms. On the same principle, we might deriye 
the results contained in Section III. from No. 86 up to the scholium in 
page 38 ; and the following Nos. afford other examples of its use. 

221. Quadratic equations may be solved, by means of trigonomet- 
rical quantities, in a way which is sometimes easier in practice than 
the common method. Thus, if the proposed equation he ax^+bx 
^zc, by multiplying by 4a, adding 6' to both members of the product^ 
extracting the square root, transposing h, and dividing by 2 a, we 
obtain 

— 6=bV(6« + 4ac) ^ f ^^ //i L^acNX 
2^; ' ^^^=2-a\-^=^V (l+W)- 

Now, accordingly as 4a c is positive or negative, let us assume 
^=tan«^, or ^^=sin>^; and we shaU have 

«=^(— lifcsecg), and a?=2^(— Iztzcos^). 

But — l=fc:sec^=: ^-^--» the two values of which, by (32) and 

(31), are 

^^^'ii and _^22!!i^. 

cos^ cos^ 

In the first case, therefore, putting a/ and a/' to denote the roots, 

we Shan have «'=i.?l^, and a/'=— -.52!!ii ; and dividing the 

a cosf a cos^ ° 

latter by the former, and multiplying the result by a/, we obtain 
a?"=— ar'cot^ig. 

In the second case, — l + cos^= — 2Bia«if, and — 1 — cosg=r 



«= 
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— 2cos'^^; and therefore a/= .sin*^^, and «"= .cos*^^; or 

«?"=:«' cot 'J^. 

Hence, to resolre the equation ax^ + hx=zc: 
I. If a and c have the same sign, find ^ from the equation, 

Iogtan^=:^(20+log4+loga+logc*-21og&); then, "\ 
loga?'=:log6 + 21ogsin^^ — loga — logcosg-^-lO, and > ... (242) 
loga^'=loga^+ 21ogcoti^— 20. J 

The signs of these roots are contrary. 

IL If a and c have contrary signs, find ^ from the equation, 

logsinf=^(20 + log4+loga+logc— 21og6); then, ^ 
loga?'=log6 + 21ogsinig— loga— 20, and V ... (243) 

loga^'=logaj'+21ogcoti^— 20. J 

The latter of these cases is impossible, when the data are such as 
to render sin^ greater than the radius; that is, when 4ac is greater 
than &'. 

These methods of solution may be employed with advantage when 
the coefficients are large numbers, or fractions with large numerators 
or denominators. 

222. Cubic equations may also be solved on similar principles. 
Thus, let the proposed equation be «'+aa:=6. By substituting 
y+z for X, this is changed into 

f+^+3yz(y+z)+a(y+z)=zh; 

which, by taking 3yz=: — a, becomes y^+z^^b. 
From the square of this, take four times the cube of yz, found from 
the equation 3yz=z — a, and the square root of the remainder will be 
the value of y^ — z^. Then, taking the cube roots of half the sum 
and half the difference of this, and of y^+z^=zb, and adding them 
together, we find 

.=v'{t»+iv/(»'4f)}+^{i'-iy(»'+^}- 

No^ be positive, put 5=-p=tan2p, which gives ^ 6= cot p^27> 
then, 

or, by substituting its equal for ^h, and by an easy reduction, 

«?=Viox(v^ooti^> — ^tan^f). 
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Put {/tan^^=:tan^, and consequentlj 4^cot^pr=Gotf ; then (51) 

a?^2cot2^^a;*wheretanp= 3yVio, and tan^=v'r>tan^..(244) 

If in this case h be negative, the value of x will be the negative 
of the foregoing ; but every thing else will be the same as above. 

223. If a be negative, this method fails. In that case, assume 

4a' 
8in'9=^=— , and tan^ as before. Then, by a process similar to the 

foregoing, and by using at the conclusion the formula found by ad- 
ding together (50) «nd (53), we obtain 

2ar 

*=2cosec2fVio; where sinp= 3yVi«,andtan^=:y^r^tanif .(245) 

If in this case h be negative, the value of ^, as in the last No. will be 
the negative of the foregoing ; but the method of computation will be 
the same. 

224. Even this method also faib, if 4a' be greater than 27 h^, as 
cos 9 would be imaginary, and the equation would belong to what has 
been called the irreducihle case. To investigate the method of solu- 
tion in this case, we have the equation a^ — ax=zh, where the co< 
efficient of a; is n^ative, and h either positive or negative. Now, using 
^z instead of A in the second of formulas (231), supplying a radius r, 
and dividing by 4, we obtain cos'^^ — }r*cosj4jrr::Jr*cos;er. Com- 
paring this with the proposed equation, we have 

ir=cos^^, a=|r* h=z^r*cosz. 

The second of these gives r=2 Vjo; while, by using this value for 

q T 

r, we find, from the third, co8«= — ; and it is obvious, that if ihe 

a 

radius were equal to the value of r above mentioned, we should have 
x=zooa^z. To find the value of x, therefore, to the radius 1, we di« 
vide the value of cos^, and multiply that of x, by the foregoing value 
of r, and we thus obtain 

36/3 36 - cos4-^x2VTa 
cos^= — V T~» or cos^= ==, and xrs — ^-—-^ 2—. 

» 4« 2aVia *• 

Now, since (No. 17) cos;2r is the same as cos (;er-|-360°), or cos (^+720<*), 



* In the actual compatation here and elsewhere, the student wiU have no 
difficulty in supplying the radius r, when 
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we may use one third of each of these aics as well bs i». Hence, 
therefore, since (Nos. 15 and 14) cos(i^«+120«)=— cos(j^-cr— 60«), 
and cos(^^ + 240°)= — co&(iz + W), we have the following ralues 
of te, which are the three roots of the equation : 

coBi<^x2Vla cos(^^co60o' 

cosa^+60«)x2VTS ^ ^^- >....(246) 

«= ^^^ — ^^ 5-; where cos ;«r: 

When h is negative, the signs of these roots are to be changed. 

225. To find series' expressing the sine and cosine of an arc in 
terms of the arc itself, divide both members of (229) and (230) by 
cos" A, and the terms in the second members, exclusive of the coef- 
ficients, will become 

1, tan' A, tan* A, &c,; and 
tan A, tan' A, tan^A, &c, 

OB 

In the results thus obtained, let nA=r^, and consequently n= j; 

then retaining the denominators of the left-hand members unchanged, 
we shall have, instead of their numerators, cos a; and sin a;; while the 
right-hand members will becx)me 



a; tan A 



a?(ar— A)tan»A , a?(a?— A)(a?— 2 A) (a?— 3A)tan*A ^^ * 

^~ 1.2 A« "^ 1.2.3.4A* — &c.;ana 

fl?(a:— A)(a?-.2A)tan»A, . 
^ — T2:3^ +*^' 

tan A. 
Let, now, A=0; then, -"T^^l** cos"A=rl (No. 10); and, A dis- 
appearing in the coefficients, we shall have 

«^*=*-m+oji5-**^ <2*8) 



* That the ralio of a dimimahing arc and its timgent tends to become that of 
eqaatity as its limits will appear as follows. Tne area of the triangle AGH 
(jia, 1) is equal to iCA.AII; and the area of the sector ACF is equal to 
\ C A. AF, as may be shown by resolving it into an infinite number of infi- 
Bitehr small sectors bv radii, which seniors may be regarded as triamrles. 
Hence, CAH : OAF : : JCAAH : iCA,AF : : AH : AF. But CAH > 
OAF; tiierefore, AH >AF; that is, tanA>A, or, by diyiding by A, 

-^ > 1. Now, since a slxB%fat line is the shortest distance between two 
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These series* were discoyered bj Newton; and they enable us to 
compute the sine and cosine of any arc, the length of which is given, 
to the radius 1. 

226, Given, in a sunrey, the angular elevations of two points above 
the plane of the horizon, and their angular distance asunder ; to find 
the horizontal angle, or angular distance of the projections of the 
given points on the plane of the horizon by perpendiculars. 

This an^e is evidently the same as the vertical angle of a spherical 
triangle, of which the measured distance is the base, and the comple- 
ments of the elevations the sides, as would appear by producing the 
perpendiculars till they meet in the zenith. The calculation, there- 
fore, is effected by the first case of spherical trigonometry. When 
the elevations are small, the observed angle may be reduced to the 
horizontal one by an easy approximation ; which, with several others 
of a similar kind, may be investigated most easily by means of the 
differential calculus. 

227. The following interesting theorem was discovered by Le- 
gendre: 

If there he a spherical triangle, the sides of which are very small 
compared with the radiiis of the sphere, it is very nearly equivalent 
to a plane triangle which has its sides equal to the sides of the pro- 
posed triangle, and its angles equal to the angles of the same dimin- 
ished respectively hy one third of the spherical excess, (See No. 148.) 

To prove this, we have, from (85), 

cos A sin 5 sinc=coso — cos 6 cose. 

This, by applying (247) and (248) to all the sines and cosines con- 
tained in it, except cos A, and by rejecting all quantities rising above 
four dimensions, will become he cos A { 1 — ^ (h^ + c^) 

points, and since the sine of an arc is half the chord of twice the same arc, we 

A1T1 r^ 

have BiiiA< A, or — x— < 1 ; and, therefore, diriding by cos A, we get 

— T — < r . Hence, — r— is of a magnitude intermediate between 1 and 

A cosA A 

— -T, the latter of which (No. 10) tends continually to 1 as its hmit, when A 

is diminished indefinitely ; and hence, when the arc is infinitelv small, the 
ratio of it and its tangent will differ in an infinitely small degree from that of 
equality ; so that, when the arc is in a vanishing state, it and its tangent are 
to be regarded as equal. 
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By contracting tliis, dividing by the coefficient of cos A, and perform- 
ing the actual division by 1 — i(6' + c*) we obtain 

h^ + c^—gi ^ flt*+6*+c*— 2gg6g— 2a*c«— 25»c» 

Now, if A^ be the angle of a rectilineal triangle, the sides of which 
are equal in length to the arcs, a, &, o, the first part of this is equiva- 
lent (78) to cos A'; and, by taking the square of this value of cos A' 

from unity, we find the second part to be equal to ^ — ; so 

that 

. ., 6csin*A' 
cos A=cos A i5 — . 



If A = A'+a:, we get cos Az= cos A' cos a? — sin A' sin a?; which, by 
applying (247) and (248), and rejecting the second and higher powers 
of a;, becomes cosA=cosA' — x sinA^ Equalling this and the for- 

6c gin \/ 

mer value of cos A, and rejecting cos A', we get x=z — ^ — ; and, 
therefore, 

A=A'+5£^=A'+i^ipA'. 

Now, according to the note, page 20, ^hc sin A' is the area of the rec- 
tilineal triangle whose sides are a, h, c; and this will not differ sen- 
sibly from the area of the spherical triangle, which, by No. 148, is 
proportional to the spherical excess. Putting, therefore, the excess 
equal to E, we have A=A'-f-^E, and it might be shown, in a simi- 
lar manner, that B=B'-|-i^E, and C=C'+^E. 

By the introduction of the radius r, the proof would be rendered 
apparently more strict. The final conclusion, however, is the same ; 
and the proof is somewhat more simple, as given above.* 



* By means of this theorem, a spherical triangle, whose aides do not exceed 
a degree or two^ may be resolved as a plane one by taking fi^>m each of its 
angles one third, of tne spherical excess. Hence, if the angles and one side be 
determined by measurement, the excess will be known ; and the other sides 
wiU be computed by the first case of plane trigonometry^. 

This theorem, as well as those in !No8. 226 and 228, is usefol in aeodeticcA 
operations, that is, in surveys of kingdoms or otiier laree portions of tne earth's 
surfiu^, in measuring the lengths of de^es, or in determining the relatiye 
positions of noted places. It would be inconsistent with the nature of this 
work to give minute details respecting this important branch of practical 
science. At the same time, it may be interesting to the student to have some 
idea of the general natm'e of such operations. 
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228. If, in a spherical triangle, two sides h and o and the contained 
angle A be giren, and if A^ be pnt to denote the angle contained hj 
the chords of b and c, then 

cos A'=cos A cos^5 cos^c+sin^& sin^c. 

For (38) cosa=l— 28in«ia=l — ^k\ C08h=zl—^k'^, and cosc= 
I'-^^kf^^, k, k, and lef*, being the chords of a, h, and c: also (37) 
sin6=:2sin^6cos^&=i(/cos^6, and sinczzA:'' cos^c. The substi- 
tution of these in (85) gives, after rejecting 1 in each member, trans- 
posing — J^« and — ^k"^, and dividing by kk", 

oufij, =cosA cos-^6 cos-^c + JA/F. 

But (78) the first member of this is equivalent to cos A'; and, by our 
assumption, ^ik'A:''=sin^& sin^c; whence, 

cosA'=oosA 008^6 cos^c + sia^& sin^c... (249) 

If, by this formula, all the three angles of the triangle formed by 
the chords, be computed, their sum should be 180^; and this affords 
a test of the accuracy both of the observations and of the computa- 



Let ns suppose, then, that the earth is an exact sphere, or rather that the ob- 
servations made on its surface, yaried as it is, are reduced, by No. 226, to what 
they would be on a sphere. Then, if signals, such as spires, towers, poles erect- 
ed for the purpose, or other objects, be assumed at as great a distance 
asunder as will admit of distinct and accurate obserrations, with telescopes of 
considerable power attached to the instruments used in measuring the angles, 
the country w^ be divided into a series of primary triangles; and if any side 
of any one of these be measured, the remaming sides of all of them may be 
computed by Legendre's theorem. By means exactly similar, each of tnese 
triangles is resolved into a number of others, called secondary triangles; and 
thus the positions of towns, and other remarkable objects, are determined. 

The length of the hase^ or line measured, which is an arc of a great circle, 
must be determined with extreme accuracy ; as an error m measumig it would 
affect the entu% survey. For checking the measurements and the computa- 
tions, it is proper to measure some other line at a considerable distance from 
the fiLTst ; as the comparison of its measured and computed len^hs will be a 
test of the accuracy of the intermediate operations, such a hne is called a 
base of iferi/ieation. The measurement of a base is one of the principal diffi- 
culties in tne survey, chiefly on account of the inequalities of the surmoe, and 
the variations in the lengths of the measuring instrument, arising irom the 
change of temperature. On this account, the base is assumed on as flat a 
portion of country as can be obtained ; and the chain, or o&er measuring 
mstrument is constructed with extreme care. The degree of accuracy ob- 
tained by these means^ is v^y remarkable. Thus, in the Trigonometrical Snr- 
▼ey of iTngland, the difference between the measured and computed lengths of 
a base of verification on Bomney Marsh, nearly five miles and a half in tength, 
was only about two feet ; though the series of triangles, connecting it wjth the 
original base on Hounslow Heath, extended over a space of eighty miles. 



PROPOSITIONS IN SPHERICAL GEOMETRY. 105 

tion. Delambre has given another formula instead of the foregoing, 
and has computed tables to facilitate the calculations. 

229. Let AD=zq (fig. 37) be an arc of a great circle drawn from 
the vertex, to any point in the base, of the spherical triangle ABC, 
and let the segments of the base CD, DB be respectiyelj denoted bj 
h\ d. Then, bj (85), and (No. 15), 

cos6=cosADC sin 6' sin 5^+ cos 6' cosg (250) 

and cosc=: — cos ADC sine' sing+cosc' cosg (251) 

These two equations contain six quantities, 5, c, &', (/, ^, and 
ADB. If, however, any one of them be given, or if one of them be 
a function of one or two others, — ^that is, if it depend upon them, so 
that it may be determined by means of them, the number of inde- 
pendent quantities will be reduced to five. By eliminating one of 
these between the two equations, an equation will be obtained con- 
taining only four quantities, and the resolution of it will give any one 
of them in terms of the other three. It is only in a few cases, how- 
ever, that formulas of elegance or value will be thus obtained. The 
following are some of the more interesting. 

230. Let 6'=c'=ia. Then, by adding (250) and (251), we get 

cos6+cosc=2cos^a omq; or (22) 

cos^(64-c) cosJ(6 — c)=cos^a cosg' (^^2) 

Hence cos^a : cosJ(6-|-c) :: cos^(6 — c) : cos AD; whence we 
can find AD, the line bisecting the base, when the three sides are 
given. 

Square both members of (252) : then by (6), &c. 

8in'J(6-J-c)-}-Bin'J(6 — c) — sin'i(6-[-c) sin'J(6 — c) =Bin'Ja-|-sin*g — sin'Ja sin'g. 

By dividing the last terms of these equals by r^, &c.; as in No. 163, 
we have, in a plane triangle, 

i(6+c)2-f^(6 — cy-zi^a^-irq^x or, by doubling, &c. 

— a well known theorem. (Euc. II. A.) 

231. Let, again, 6=c; then, by taking the difference of (250) and 
(251), and by transposition, we get 

cos ADC sin g ( sin h' + sin c') =: cos q (cos d — cos 6'). 
Divide by cosg and sinft'-fsmc'; then, by (28), 

cosADC tang=tani(6'— </) (253) 

This formula might also be obtained by No. 107, from the right 
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angled triAogle contamed bj.the perpendiciilar of the isoseeles tri* 
angle bj q, and bj the part of the base intercepted between them. 
232. If 9=^<r, we have, by (250) and (251), 

cos 5= cos ADC sin&', and co8c= — cos ADC sine'. 

„ cose — cost sinft'+sinc' ^oerx j /o^\ 

Hence ■ 1=— - ., - — ,i or, (25) and (24), 

COSC + C086 8m6' — smc' '^ ^ ^ ^ 

taii|(5— c) _ tan^g 

coti(6 + c)- tani(&— c') ^ ^ 

This formula affords the means of finding the segments of the base 
made bj either of the qnadrantal arcs drawn from the yertez. 

By taking ADC=90<^, and dividing the difference of (250) and 
(251) by their sum, we should get formula (149). 

23a Patting now the angle BAD =3', and CAD=C', wa havo 
by (101) and No. 16, 

cosB=:oosg sinB' sin ADC +006R cos ADC^ ^255^ 
cosC=cos9 sinCsinADC — cosC cos ADC/'" 

like (250) and (251), these formulas contain six quantities, and 
will give different formulas according to the values or relations of 
those quantities. 

234. Thus, let B'= C'=: ^ A. Then, by taking the first from the 
second, and by (23), 

sini(B+C)sini(B— 0=— cosJAoosADC .... (256) 

Hence, cos^A : sin-KB+C) :: sini(B^ — C) : — cos ADC, or 
cos ADB. We have thus the means of computing the angles which 
the arc bisecting the vertical an^e makes with the base. 

235. Let us now take B=C ; and, by subtracting, transposing, &c.» 
we get 

cos q sin ADC (sin B'— sin C')=— cos ADC (cos C + cos B^). 

Hence, by resolving this for cos^, and by (29), 

008^=— cot ADC coti(F— C) ... (257) 

This might be obtained by means of No. 107, from the rightangled 
triangle mentioned in No. 231. 

236. By taking q^^^ir, and dividing the difference of formulas 
(255) by their sum, we get, by (25), 

tan i(B+C) _ coti(B--CO 
c:^J(B3C)^ taniA' '^ ^^^^^ 

By taking ADC=:90^ we should get foniyula (150). 

237. Let DBCD' and DB Ciy (Jig. 38) be the halves of two great 
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cindes iaterBectiQg each other in D and ]>; and through any point 
A let great circles be drawn catting them m B, B', G, C: join also 
AD. Then, putting ABssc, AB'ssrc', AC=&, and AC'=6', we 
haFe, by (96), 

oot4; sin ADscot ADB edn D AB+ cos DAB cos AD, 
cot<^ sin AD=:eot ADF sin D AB+ cos DAB cos AD, 
cot6 sinADszcotADB anDAC + C09DAG cos AD, 
cot 6' sin ADs:oot 4DB' sin D AC + cos D AC cos AD- 

Divide the difference of tSe first and second of these bj the diffisrence 
of the third and f oorth : then 

cotc^- — cote sin DAB /okqv 

cotft'— cot*-"sinDAC ^ ^ 

Mnltiply the numerators of this bj sine sine', and the denominators 
bj sin6 sin 6': then, by (13), 

sin (e — c') sin DAB sine sin e' 
sin(ft — ^) sin D AC sin^ sin^' 

Now, by the formulas of the four sines, in the triangles DAB, DAC, 

sin DAB sinc=siuADBsinDB, and sin DAC sin 6= sin ADB sin DC: 

and by substituting these in the last, and contraetmg, we obtain^ 
since CD'szt— DC, 

8in(c — d) ^ sin DB sinc^ __ sin DB sine^ r9fio^ 

sin(6— 60"^ sinDC ain*'" smCI>sin6' ^^^^> 

Hence, when DBsCD", we get the curious aad interesting for- 
mula, 

sin(c — e') __ sinc^ . sin BR sinAR rnaw 

sin(6-6')-ikr3^' ^^^'^^iSTCC^^imAC^ -• ^^^^^ 

From this we have the analogy, 

smAB' : sinB'B : sin AC : sinC'C; 

which, when the radius of the sphere is infinite, becomes 

AB' : B'B :: AC : CC, 

the same as Euclid, VI. 2, 

Formulas of some interest would be derived from (260), and (261), 
by taking h and c each =90®; by taking 6'=c'; by taking h — h'z=. 
c — c', &c. 

238. Let BEC (^«. 39 and 40) be a circle (great or small) on the 
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BurfiEtce of a sphere, and through any point A on the surflEU^ey dram 
great circles cutting it in B, C, D, and E ; then 

tanJAC taniABzstan^AE tan^AD (262) 

To prove this, take P the pole of EEC, and join PA, PC, PE ; 
draw also PF perpendicular to BC, and PG to DE. Then, by (116), 

cos FC cos PC cos GE _ cos PE _ cos PC 

cos FA "" cos PA' cos G A "" cos PA "^ cos PA' 

Equalling the first members of these, we get, bj composition and di- 
vision, and bj (2S), the expression given above. 

This formula corresponds to Euc. III. 35 and 36. It gives 
those propositions, in fauct, bj taking the radius of the sphere infinite, 
quadrupling the results, and making one of the circles drawn from the 
external point touch the given circle. 

239. Let BAC (fig. 20) be a right angle, and let AD be perpen- 
dicular to BC. Then (No. 107> 

sinADzrtanBD cot BAD, and sinAD=tanDC cotCAD. 

Bj taking the product of these, since BADsr^flr — CAD, we get 

sin2AD=tanBD tanDC (263) 

Again, (No. 107), 

cosC=tanAC cotBC, and cosC=tanDC cot AC. 

Hence, by equalling the second members, and multiplying by tan AC 
tauBC, we get 

tan^ACrrtanBC tanDC (264) 

When the radius of the sphere is infinite, these two formulas be- 
come the same as the corolhu'y to Euclid, VI. 8. 



QUESTIONS FOR EXERCISE. 109 



X.— QUESTIONS FOR EXERCISE. 

Ex. 1...4. Prove the truth of the following formulas: 

(1) sin'A— sm*B=cos»B— cos»A=8iii(A+B) sm(A— B); 

(2) cos>A— sm'B=cos'B— Bm»A=cos(A+B) co8(A— B); 

(3) tazx'A_ta..»B=5H(A±g.sm(^)^ 
' cos^A cos'' B 

' sm'A flin^B 

. Ex. 5... 18. Prove also the following: 

• (5) Bin 9«=i V(3+V5)— 1V(6— V5); 
(6) sm8r=| V(3+ V5)+JV(6— V6); 
H) Bm22° 30'=iV(2— V3); 

(8) sinor 30'=:iV(2 + V2); 

(9) Bml5*»=iV(2— ;V3); 
(10) siii76«=iV(2+V3); | (16) tan640=V(l+f V5); 

(lY) sin 3°=i(— 1+V5)V(2 + V3)— iV(10+2V6)V(2— V3); 
(18) sin8r=i(— 1-|-V5)V(2-'V3)4-tV(10 + 2V6)V(2-1-V3). 

Ex. 19. In a plane triangle, prove the following formulas : 

T 

1. tanJA tan^B tan^Czz-; 



(11) tanl6<>=:2— V3; 

(12) tanW=24.V3; 

(13) tanl8<»=V(l— *V5); 
(U) tanY2<»=V(6+2V5); 
(15) tan36°=V(5— 2V^); 



s 



. , 2(s—b)(s—c) 
2. versinA=-^ P^ -; 

% be 

« b + c _ co8^(B— C) _ l+tan^Btan^C , 
^- a + ^+c""2cosiBcosiC" 2 

b + c _ cos^(B— C) l + cot^BcotjC 
'b + c — a""2sin^B sin^C" 2 

r being the radius ; of the inscribed circle, and 8 half the perimeter, 

Ex. 20. In a plane triangle, if C=60^ c^ = a^ + b^—ab ; but if 
C=120°, c2=a2 + &2 + a&. Required the proof. 

Ex. 21. Prove that, in a plane triangle, the straight line drawn from 
A to the centre of the inscribed circle is = ft'^ g^a/ . 

^ 8 

22. If equilateral triangles be described extemallj On the three 
sides of any plane triangle, the square of the straight line joining the 
centres of any two of these triangles is equal to i(a* + 6'+<5') + 
f AV3, where A is the area of the given triangle. Required the 
proof. 
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Ex. 23. Prove that, in a spherical triangle, 

tan^(a+^) : tan^(a— 6) :: tan^(A+B) : tan^(A— B); 

and show from this how the problems may be solved, in which two 
sides and the smn or difference of the opposite angles, or two angles 
and the snm or difference of the opposite sides, are given. 

Ex. 24. In a spherical triangle, if the snm of the three sides be 
180®, the sine of half any angle is a mean {HY)portional between the 
cotangents of the containing sides; but if the snm of the three an- 
gles be 360®, the cosine of half any side is a mean proportional be- 
tween the cotangents of the adjacent an^s. Required the proofs. 

Ex. 25... 36. Required the method of resdving a right-angled 
spherical triangle, from anj of the fdilowing data: — (25, 26) The 
hjpotennse and the snm or differaice of the legs; (27, 28) The 
hjpotennse and Hie sum or difference of the adjacent angles; (29, 
30) An angle and the snm or difference of tiie opposite leg and the 
hypotenuse; (31, 32) An angle and the snm or difference of the 
adjacent leg and the hypotenuse ; (33, 34) A leg and the sum or dif- 
ference of the other leg and the hypotenuse; (35, 36) A leg and 
the sum or diffsrence of the adjacent angle and the other 1^.* 

Ex. 37... 40. Given the base amd the vertical angle <^ a spherical 
triangle; given, also (37, 38) the sum or difforence of the oilier 
sides ; and (39, 40) the sum or difference of the other angles; to re- 
solve the triangle.t 

Ex. 41. Given the altitudes of the sun at six o'clock and when 
east or west, on the same day, and at the same plabe ; to find the lati- 
tude and declination. 

Ex. 42... 51. Required the method of Snding the latitude and de- 
clination from any of the following data, according to the notation 
adopted in the note, page 73: 

(42) a, Z'; (44) *^, Z'; (4«) 2, P; (48) a', P; <50) P, Z'; 

(43) a', Z; (46) < F; (47) Z\ F; (49) «, F; (51) F, Z. 

Ex. 52... 56. Given the sun's mtnidian altitude, and (52) his alti- 
tode when west; (S3) ih» time when west; (54) his azimuth at six 



^ SolntionB of all these, and several Bimilar qaestions may be obtained from 
{MZ) to (3i2), XKfaum. 

t Tbeae ijfDestioQB wili be J(dy«d hj means of XI, XH ZUI, XIV, m As 
note, page 35. Qnestions similar to these may be solved by means of (108), 
(iO^Mlie), aatd (111); mA also of <149), (158), and the mtermediate for- 
mulas. 



QUI9TI0NJSI FOB EXBBCI8E. Ill 

o'clock; (55) the time of rising or setting; and (56) the amplitude: 
to find, in each case, the latitude and declination. 

Ex. 57. Given the interral between the tinges at which the sun 
rises and is east, at a place whose latitude is known ; to find his de- 
clination. 

Ex. 58. Given the angle contained bj two hour lines (such as the 
three and four o'clock ones) on a horizontal dial ; to find the latitude. 

Ex. 59. In what latitude will the angle contained by the five and 
six o'clock lines on a horizontal dial, be double of the angle con- 
tained bj the twelve and one o'clock lines? — Answ. 4.4P (K^. 

Ex. 60. In what latitude are the hour lines for ten and five o'clock, 
on a south vertical dial, perpendicular to each other? — Answ. 47° 3'^. 

Ex. 61. To find the latitude at which, on a given day, the hour 
angle on a horizontal dial, at tlie time when the sun is east or west, 
will be of a given magnitude. 

Ex. 62. On a horizontal dial for latitude S4P 36', what two hour 
angles differ by 15°, while the corresponding times differ by an hour? 
Anew.— The times are 2'» 41^" and S"* 41^". 

Ex. 63. In latitude 54° 36^ for what time are the hour angles, on a 
horizontal, and on a south vertical dial, complements of each other? 
Answ. 3'* 42- 1-. 

Ex. 64. Required the declination of a star, which in latitude 54° 
36' N. would shine on a north vertical dial during half the time of 
its continuance above the horizon. — Answ, 27° 23' N. 

Ex. 65. Investigate the following formulas ; m denoting the num- 
ber of terms in the second member before the last or fractional term : 

s — X =^s(n — 1) A — oo«(»-^) A-J-cos(»— 6) A-— . • . dfc ' o V ' 

^c-i — r-= — sm(iv^l)A — sm(n— n3)A — sm(n — 5) A — ..+< ■ - ^ . ' i ' ; 
2smA ^ ' ^ ' 2smA 

sinnA . , ,. . . , o\ a i • / ittA _. sin(«u.^2m)A 

o . . =C0B(n — l)A+cos(n — 3)A+cos(n — 5)A+...4- ■ » . ■■ ." ■ 

Ex. 66. Prove that the Bwn» of n term« of tbe series', 
sinm^ 4" sin(m -f- r)^ -f- sin(fii -f 2r)j> -f- sin(m -^ 3r)f -^ &q„ and 
co8m9-|-cos(m-f r)f -|.cos(fii-|- 2r)p + cos(w+3r)p + &c., 

are, respectively, 

st&4itre6infin4-4(«'^^l)r|f , sinlnrf CQs{in4-4(ii---l)r?f 
sinjrf Anj^rf 
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Ex. 67. Prore that 

8m^+8m3^+8m5^4-sin7^4- &c- _. 
cosf-H^os'39-(-cos5^-|-cos7f + Ac."" ^' 

n being the number of terms in either the numerator or denominator. 
Ex. 68. Ftove that the sum of the infinite series, 

• fn — 1 . ni-f-l . , . m — 1 . »i-|-l . , , tn — 1 . m-f-l . , , 

am A coi — i—A+sin — =- A cob — ■=- A4-8m — =- A cos — t-A4- &c. 

m mm' m* * m* m* * 

is sin A COS A ;* and that the sum of n terms of the same series is 

. m-— 1. mr+l^ 

gin A cos — r— A, 

m* f»* 

Ex. 69. Proye that the sum of n terms of the series, 

sin A sinA+sin2 A sin2'A-|-sin3A sin3'A-f &c. 

is •^yersinn(n-(-l)A. 

Ex. 70. Prove that the sum of n terms, and of an infinite number 
of terms, of the series, 

^tan^A+^tan:^A4.^tan^A^- &c. 

are respectively -^ cot -5;; A — cot A, and -j — cot A. 

Ex. 71. Prove that the sum of the series, 
sm2 A sm2A-f-sui4A ain5A4-sm6 A 8inlOA-|-sm8A sinlTA-}- &c. 

is cos^^A — cos(n2+n+J)Acos(n+J)A. 

Ex. 72. Prove that the sum of tanA+2tan2A+4tan4A-4- 
8tan8 A+ &c., to n terms, is cot A — 2" cot2"A. 

Ex. 73. Prove that the sum of n terms of the series, 

AA AA AA AA 

2sin-^sin«^+2«sm^sin«^+2^sin^38in«24+2*sin^^sin*25+ *«. 

A 

is ^(2"sin^ — sin A) ; and that the sum of an infinite number of 

terms is ^(A — sin A). 
Ex. 74. Prove that 

X OS 

ninxzzcoB^x cosja? cos^a; cos-jiya? coSo;;x2"sin^, 

n denoting the number of the cosines. 



* Since,^ whatever m is, the sum of the infinite series is sin A cos A, or 
} sin 2 A, by giving various values in m we may have as many infinite series' as 
we please, the soms of which will be all equal. 
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Ex. 75. If A' be the angle contained bj the chords of b and c, two 
sides of a spherical triangle ABC, prove that 

A/ 1+coflg — cos6 — cose 

cos A zzz J • • - — • • ' . 

4sui^6 sin^c 

Ex. 76. Prove that» on the same supposition, 

., sinB cos(S — B)+sinC cos(8 — C) — sinA co8(S — A) 

cos A —^ f 

2V8inB sinC cos(S— B) co8(S— C) 
Ex. 77. Prove, that in an equilateral spherical triangle, cos Ass 

cosa - cos A J xi_ X rt 1 • 1 A 1 

2cos«^a ' ^** ^»^= 2sin'^A ' ^^ *^* 2cosiasmiA=l. 

Ex. 78. In a rightangled spherical triangle, if the hypotenuse c be 
double of the leg a, prove that sin A=^seca; but if a be double of 
c, prove that sin A=2cos^a. 

Ex. 79. When the sun's longitude increases m times as &st as his 
declination, prove that 



. /(wsinctf+l) (msiufti— 1) ^ 



where d is the declination, and u the obliquity. 

Ex. 80. Divide the surface of a sphere into two equilateral trian- 
gles, having their areas in the ratio of m to n. — Antw, In one of the 

triangles each angle vnll be — : — X 60^; in the other — ^| — x 60". 

m-i-n m-f-n 

Ex. 81. From a given spherical lune, contained by two great cir- 
cles, to cut two isosceles triangles, so that the remaining quadrilateral 
may have its sides equal — Answ, cot ABszsin^A; where AB is one 
of the equal sides of the isosceles triangles, and A the angle of the 
lune. 

Ex. 82. Required the angle contained by two great circles forming 
a lune, which is such that it may be divided, by two great circles, into 
three equal parts, two of which are equilateral triangles.— ^iwu?, 
77° S% 

Ex. 83. To draw B'C^ an arc of a great circle, dividing a given 
spherical triangle ABC, in the ratio of m to n, and so that, in 
the triangles ABC, AB'C, B : B' : : C : C'.— Answ. B'a 

^-^•bTc(^+^+^-^«^>- 

P 
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XL— ELEMENTS OF ANALYTIC GEOMETRY * 

240. In analytic geometry, the position of a point in a plane is 
generally determined either by the lengths of two straight lines drawn 
from it parallel to two lines given in position, and terminated by 
those lines ; or by the length of a line drawn from it to a fixed point, 
and the angle which that line makes with a fixed line passing through 
the same point. Thus, if the straight lines AB, CD, (^fig, 41) inter- 
secting in O, be given in position, and P be any point in the same 
plane, and if PF, P£ be drawn parallel to AB and CD, it is evident, 
that if PF and PE were given, the position of P would be deter- 
mined, as it would only be necessary to make OE, OF respectively 
equal to them, and to complete the parallelogram. In the second 
method, if the straight line OB be given in position, the position of P 
will be determined, if the angle BOP, and the straight line OP, be 
given; as it is only necessary to make each of them of the given 
magnitude. 

241. In the first method, PF and PE are called the co-ordinates 
of the point P ; or if only one of them, as PE, be drawn, it is called 
the ordinate y and OE, equal to FP, the abscissa : AB and CD are 
called the axes of the co-ordinates; — AB, the axis of the abscisses; 
and CD, the cms of the ordinates: O is called the origin of the co-ordi- 
nates, and the co-ordinates are said to be rectangular, when the axes 
cut one another perpendicularly; — otherwise, they are oblique. In 
the second method, O is called the pole, OB the faed axis, and OP 



• The object of analytic geometry is to effect investigations in geometry by 
means of algebraic operations. Algebra has been lonff em^oyed in geometrical 
inquiries, particularly since eg[uations were employed by Descartes to express 
the properties of curves. It is only in the hanos of some late eminent wnters^ 
however, that this combination of algebra and geometry has acquired that regu- 
lar form, and that degree of importimce in the higher departments of geometry, 
which entitie it to be regardea as a separate branch of science. Some writers 
term it the appUcation of algebra to geometn/; and in one or two works on the 
subject it is called, though not very properly, d^ebraie geometry. By whatever 
name it may be designated, however, it is carefully to \>d distinffaished from the 
ancient geometrical analysis, in which, with great elegance, but with much less 
(jrenerality and power, geometrical inquiries are conducted by means of geometry 
itself, witnout any assistance fi*om al^bra. What is here given is a mere 
sketch of the first principles, as applied to the straight line ; and it may serve 
as an introduction to works expressly on the subject. 
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the radius tector : and OP and the angle BOP (or the circular arc 
which measures it) are sometimes called the polar co-ordinates, 

242. The position of a point is expressed algelfraicallj bj means 
of an equation, from which, if one of the co-ordinates be given, the 
other can be determined ; as it shows their relation, being expressed 
in terms of them, and of one or more other quantities.* Thus, sup- 
pose BOC to be a right angle, and the straight line OP to be givei) 
=0; then, if OE=a:, and EP;=y, we have (Euc. I. 47) «/= 
±V(a2 — x^); whence, if x as well as a be given, y, and conse- 
quently the position of P will be determined. If, however, while a 
continues alwajs the same, x should vary in magnitude, the equation 
would become indeterminate, and y might have any value that would 
result from taking a; of a magnitude not greater than a, nor less than 
— a ; consequently the point P might have an indefinite number of 
positions. Still, however, its positions are circumscribed ; as, while 
the values of x are confined within the limits above mentioned, y, for 
each value of x, can have only two values, one positive and the other 
negative. From these views it is easy to conceive, that, as x may 
change its value by insensible and continuous variations, there is a line 
in which P will always be found. We see, in fact, that t^is line, since 
in all positions OP is of a fixed magnitude, is the circumference of a 
circle, whose centre is O, and radius OP. In like manner, in every 
equation containing two indeterminate quantities, if these quantities 
represent lines, the intersection of the co-ordinates is always found in 
a line, the nature and position of which depend on the equation. 
The line thus determined is called the hctts of the point of intersec- 
tion, or the locfis of the equation ; and the equation, on the. contrary, 
is called the equation of the line, or locus. 

Lines are distinguished into orders, according to the degree of their 
equations in reference to their co-ordinates ; a line being of the first 
order when its equation- is of the first degree, of the second order 
when its equation is of the second degree, &c. 



* Quantities which have always the same value, such as the radius of the 
same circle, are called constantf and are denoted by the first letters of the alpha- 
bet, a, b, c, &c.; but those which may change in magnitude, such as the sine, 
cosine, tengent, &c. of a variable arc, or the co-ordinates of any line, are called 
ifariajble, and are denoted by the last letters of the alphabet. The abscissa and 
ordinate are usually denoted by x and y respectively, and the radius vector 
may be denoted by v, and the angle which it makes with the fixed axis, 
by ^. 
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243. We maj now proceed to consider the nature and circnm'* 
stances of a line of the first order, which is the locos of 

y^ax + b (265) 

a general equation of the first degree;* P (fig. 41) being any point 
in the line; and OE=zx, and EP=y, the co-ordinates of that point. 
Hence wehayeox^y— 6, orif 0G=6, aa?=OF— OG, oraxFP 
£= FG ; and consequentlj PP : FG : : 1 : a ; whence it appears, 
that whererer P is taken in the line which is the locus of the equa« 
tion, the ratio of FP to FG is constant; — a property which can hold 
only when P is in an indefinite straight line drawn through G and P, 
in which case all the triangles GFP would be similar : that line, there- 
fore, is the locus of the equation ; and hence we infer, that the only 
line of the first order is the straight line. 

244. If a?=0 in (265), y = J, and if y=:0, x=z — ; whence a and 

b being giren, OG and OH, and consequently the points G and H 
in which the line meets the axes, will become known. G will be in 
OC or OD, accordingly as 6 is positive or negative ; and H will be 
in OA or OB, accordingly as a and b have the same or contrary 
signs. If 6=:0, G coincides with 0, and consequently y=zax is the 
equation of a straight line passing through the origin of the co-ordi- 

nates.t 

245. Let the angle BOC, made by the axes, =w, and FPG or 
PHE, that which PH makes with the axis of the abscissas, = ^: then 



* In this, and in siHl general equatdons, the coefficients a, h, &c. may be mther 
positiye or negative, though the sign -}- is prefixed to them. In all geometrical 
mqniries, also, they must be such as to make the dimensions of the several 
terms the same. Thas, if h represent a line, ax must represent a line also ; and 
as a represents a line, a must represent a nmnber, or tne ratio of two geome- 
trical magnitudes of the same kind. (See the first note to No. 11). — ^For 
the sake of brevity, the line whose equation is y=ad;4-^> niay be called the 
line y=:aa-\-b; and the point of which the co-ordinates are x and y, may be 
called the point x, y. It may be remarked, that the equation y = ax-}- & is in 
reality not less general than Ay =Bd;4- C ; as the latter becomes the same as 
the former, when all its terms are divided by A, and b and a are substituted 
for the absolute term and the coefficient of ^ in the result. 

f The student will find it useful to apply the piinciples established in the 
text, here and in what follows, in the performance of exercises such as th0 
following. 

Exercises, Draw the straight lines whose equations are as follows : 

1. y=2A;+3« 3. y=— 2a;+d. 5. 3y+«=6. 

2. 2/=2aj--3. 4. y=— 2aj— 3. 6. y+\^x. 
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(Ettc. I. 32) CGPtsCFP— FPG=<y— tf, the angle which PH 
makes with the axis of the oidiiiates. Now it was shown (No. 243), 
that FP 2 FG, or OH : OG :: 1 : a; or (No. 21) 8in(«— d) : 

sin^ :: 1 : a. Hence the coefficient a= "; ; ■ — rr; and we may 

8m(« — &) ^ 

express the equation of the line thus : 

mil 6 

y=-r-y-~Tv« + ^» orysin(« — 6)z=iXtAn^ + b Bia(ju — tf)... (266) 

If « be a right angle, Bin(w — ^) becomes cos^, and consequently 
a=tan^, and the equation is changed into 

yzrzxtan^ + h (267) 

246. In finding the equation of a straight line which will satisfy 
certain conditions^ the valites of the constants a and b are to be de- 
termined according to the given conditions. Thus, to find the equa- 
tion of a line passing through two points whose co-ordinates are a/f 
^, and x", i/', we have, at that point, by the general equation (265), 

l/=zax'+b (p), andy"=aa:"+3 (q); 

where a and & are to be found in terms of a/, y\ x^\ and y": and, 
by any of the common methods of elimination, we should find a= 

^ — ^, and bsz—^, ;7-^: the substitution of which in the gene- 

sc — ar X — X 

ral equation (265) gives 

the equation required. The following method, however, is rathef 
more simple: Subtract (g) from (p) ; the remainder will give as be- 

fore, a =^7 — ^. Take the difference of (p) and (265), substitute 

X " X 

yf •." 

in it this value of o, and there will result y — y':s:(x — x')-, — ^; or. 



X 

when cleared of fractions, 

(y—y') (*'—«")=(«— «0 (y'—yT (268) 



* As an example of the use of this, suppose the co-ordinates to be reotaugu^ 
lar, and o^=2,y=4:, «"= — 2, and y"=l. Sabstitute these in (268); then 
(y— 4)(2 + 2)— (aj— 2)(4— 1)=0, <MV by contracting, &c. y— |aj=2i, 
tne equation of the line to be drawn. Hence, when y= 0, we have xs=: — 3) ; 
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the equation required, which might be easily reduced to the form 
found aboye. If the line were required to pass through only one 
point, a/, y', we should have, bj subtracting (p) from (265), 

y—y'=za(x—a/)* (269) 

This, which is the equation required, is indeterminate, a being un- 
known ; and consequently the line may have an indefinite number of 
positions, as is also evident from the nature of the problem. 

247. If y=zax + h, and y^za'x-^- h\ be the equations of two lines, 
the co-ordinates a/ and y' of their point of intersection, will be de- 
termined by taking in each equation x equal to a/, and y equal to y*, 
and then determining the values of of and y' from the two equations. 
We should thus find 

^= „ andy=— - — -T (270) 

248. To find, for rectangular co-ordinates, the equation of a straight 
line passing through a given point x\ ^ (L, Jig. 42) and making 
a given angle ^ (HPK) with a given straight line (HGP) whose 
equation is y:=ax + b: let the required equation be y=sa'x + h\ 



and when x=sO, 5{=2^. To trace the required line, therefore, draw {fig. 42) 
AB and OC at right ancles to each other, and in AO take 0Hr=3|, that is, 
equal to three times the Sue assumed as the lineal measure, and a third of the 
same, and in 00 take 00=: 2|; the straight line passing through Q- and H 
will be the locus required. The coefficient — | is the tangent of 148^8', the angle 
which HQ- makes with HA; and by means of this also we might be assisted 
in determining the position of the required locus. 

JEoBerciaes. Bequired the equations of the straight lines passing through 
points whose co-ordinates are as follows : 

1. ^=2, y=8 ; af'=l, ^'=2. 3. afz=zO, ^=4 ; flj"=8, y"=:l. 

2. «'=2,y=— 1; >=— l,y'=:— 1. 4. «'=l,y=— 2; «''=— 3,y'=4. 

• In like manner, if f/' be another point, we have y — y=a(a? — of') ; and 
dividing (269) by this, we get ^^^, = ^^3^> another form of (268). 

f Exetcises. Show which of the lines represented by the following pairs of 
equations, intersect, and which do not : and, when they do intersect, nnd the 
co-ordinates of their points ot intersection : 

Ky=z2x+l. iy=r8aj— 2. V2aj=3y., 

(2y=x+l, (2y=:x+2, (2x=y, 

' \ y=— 2ar-hl ' \6y=3a?— 1. \3a;=— 2y. 
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For the point ar', y', this will become y'^aV+ft'; whence, by sub- 
traction, 

y— y'=r«'(a7— a/) (p) 

Now (No. 245) a=:tan^, and a'=tanLKO=tan(^ — ^). Hence, 
by (40), and by substituting a for tantf, we get a'=f-r; — i — jA and 
this changes (p) into 

y-^'=^P^/*-*')* <27i) 

From this, which is the required equation for any value of ^, we 
derive the eqtMUion of a line passing through a given point x\ t^, and 
parallel to a given line, y=iax + h, simply by taking ^'=0, and we 
thus get 

y—f/=,a(x^a/) (272) 

From the same equation, by multiplying the numerator and deno- 
minator of the fraction in the second member by cos^', and then 
taking ^=^<t, we find, for the eqaati(m of a straight line parsing 
through a given point, x', yf, and perpendicular to a given straight 
line y = oar + 6, 

y-y'=-^(«-*') (273) 

To find the equation of a straight line passing through the origin, 
and making a given angle ^ with a given straight line, y^iax + h, 
take a/, yf, each = in (271), and the required equation is found to be 

a — tand' /nriA\ 

y=i+^te^-* (2^*> 

By the same means we find from (273) tlie equation of a straight 
line passing through the origin, and cutting ysiax-\''b perpendicu- 
I larly, to be 

V=-l (275) 

If ^=^z=0, the line is parallel to the axis AB. In that case (271) 
becomes simply y — y'=0, a being =0; and x will be indeterminate. 

Again, from (271), a;— a/=i-^t_^ — ^ (y — y'). In this, change 



• By changing si, %f, mto as", y, and dividing (2Y1) by the result, we get 
'^"" vf =~3?» another form of (268), the same as in the note to (269). 

y — y X — X 
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^'into— (90«— ^): then tank's— cot^sz — ; and LPK being then 

parallel to the axis OG, we have for its equation x — ar'zzO, y being 
indeterminate.* 

249. If it be required to draw a line through a/, ^, making a given 
angle ^ with the axis AB, we have, by (269) and No. 245, 

y— y'=tand'(a;— «') (276) 

250. For rectangular co-ordinates, the length of a line joining two 
points, X, y, and a?', t/, is (Euc. I. ^7)^/{(x—xfy + (y—y'y]. 

If 2/, t^, one of the points, be the origin, this wiU become simply 

V(«*+y*), or a?V(l + a*), because (No. 244) yizCMS. 

251: To find the length of a perpendicular drawn from a given 
point x', y\ to a given line whose equation is 

y=a« + 6 (p) 

By (273) the equation of the perpendicular to that line from the 
point x', y' is 

From (p) take y'zzy'+ax' — ax'; then 

y — y'=ra(« — a?') + h — y'+ ox' 

Equalling the second members of this and (q), and transposing, we 
get 

^a + ^) (x—x')z:t/—ax'—b, 
or, multiplying by a, and dividing by 1 + a^, 

^—^-Tf^ (j/— oar'— h). 
If we divide this by — a, and compare the result with (q), we obtain 

y_y'-___(y'_aa:'— 6) 

By taking the sum of the squares of these values of a?— x' and y — y\ 



* Exercises, — 1. What is the equation of a'straight line drawn throngh a 
point whose co-ordinates are a^=4 and y= — 1, ana makiag an an^le of 45^, 
with a straight line whose equation \&X'\-y=z\% 

2, Find the equation of a straight line passing through the origin of the co- 
ordinates, and perpendicular to the line x — ^y = 1. 

3. What is the equation of a straight Une passing through the point whose 
co-ordmates are d/=5, and y=0, and parallel to the line «4~^+l=^? 
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and extracting the square root, we get, after a slight modification, the 

1 2/ — ^^ — ^* 
required length equal to j(\ \_^^\ • 

252. As an application of these principles, let it be required to 
discover whether the three perpendiculars AD, BE, CF, (^. 43) 
drawn from the three angles of a triangle ABC to the opposite sides, 
intersect in the same point. To facilitate this investigation, let BC 
be assumed as the axis of the abscissas, and a perpendicular to it 
through B, as the axis of the ordinates: then, assuming BC = a/', and 
the co-ordinates of K=x\ y\ we have those of B = 0, 0, and of 



• It may be convenient, for the sake of reference, to bring together the re- 
sults thus far obtained, which may be regarded as the elementary prmciples of 
analytic geometry. We have, therefore, the following table : 

1. The equation of a straight line passing through the origin of the co-ordi- 

nates \%yt=:ax, ( No. 244. ) 

2. The coefficient a= -r-^-7;; or, if w=90% a=tan^. (Nd. 246). 

3. Another form of the equation of a straight line is, by No. 245, 

ysin(w— ^)=rajsin^+6sm(«--^); or, if w=90°,y=:«tan^-f-6. 

4. The equation of a line passing through the points, j/, y, and x", r/\ is 

(y_-y)(a/-a"):^(.r— «')(y-y'). (No. 246.) 

5. The equation of a line passing through one point aK, y, Is y—y= a («—*'). 

(No. 246), 
d. The co-ordinates x!, y, of the intersection of two lines 3/=ax+6, and 

y=a':r+2/,are:r'=_^,andy=^5^=^. (No. 24Y.) 

Y. a', y, being a given point, and y =ra*+6 the equation of a given line for 
rectangular co-ordinates, the equation of a line making with that line a 

given angle 9\ is y— y= ^T^^^"^ (or— a/). (No. 248.) 

8. The equation of a line from the point x', y, perpendicular to the line 

t/=cfx-f 6, w being =90°, isy— y=— -(aj— ^). (No. 248.) 

9. The equation of a line parallel toy=: ajs-j- 6, and passing through the point 

a/, y, w being =90**, is y-^^cS.x—x'), (No. 248.) 

10. The equation of a line through a/, y, parallel to the axis AB (fig, 33), is 

y— y = ; and that of one parallel to CD is a:— a/=0. (No. 248). 

11. The equation of a line passing through xf, y, and making a given angle ^ 

with the axis AB, is y — y = tan/ (a? — of ). (No. 249. ) 

12. When w=90**, the length of a line joininff the points of, y, and a/', y, is 

V {(^-af'r+ (y-y)'}. (No. 250.) 
18. When w=:90°, the length of a perpendicular from the point af, y, to the 

liney=aar4-&, is ^TTfi ~Z^ ' (No. 251.) 

Q 
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C=a/', 0. Then (No. 251, note 4) the equation of AB is (y— y') x 
^z(x — x'^y'i or by contraction, yx'=zxy'\ whence y=~-: also 

Of/ 

(same note, 8) the equation of CF is y = -(x — x"). In a similar 

if 

manner we should find <iie equation of BE to be y := — -;— x. Now, 

(by No. 251, note 6) we find from these equations of BE and CF, that 
the abscissa of the point of intersection of these lines is = x'-, and 
this being the abscissa of the point A, it follows that these perpendi- 
culars intersect one another in the remaining one AD. 

253. As a second example, let AD, BE, CF (^fig, 44) be drawn 
from the angles, and bisecting the sides. Then, retaining the same 
notation, we have obviously the co-ordinates of D=Ja/', 0; of E = 
\{pd '\- (x!'W%f \ and of F=^jr', \\j[\ whence (No. 251, note 4) we 
find the equation of AD to be y{ai—\o(i') = {x—\oiI')%f\ of BE, 
y(a/+ar") = a;y; and of CF, y{\od—a!')=\y\x—di^'). Now by 
taking x and y in the first of these equal to x and y in the second, we 
readily find y=:^t/'; and a: = ^(j/+a?"); and also, by treating the 
second and third equations in the same manner, we still find y=i^y^; 
and a?z=^(a/+a?"): whence it appears that the three lines pass 
through the same point, since the co-ordinates of the intersection of 
AD and BE are the same as those of the intersection of BE and CF. 
It is also obvious, since y=^t/, that DO=^DA, being the point 
of intersection ; and consequently the lines divide each other in the 
ratio of 1 : 2. 

254. As another example, let it be required to determine whether 
the three perpendiculars drawn through D, E, and F, (Jig. 45) the 
points of bisection of the sides BC, AC, and AB, pass through the 
same point. Here, retaining the same notation, we have (No. 25 1« 
note 4) the equations of the three sides BC, BA, and AC, y=0, 
x'y=zxy', and y(x^ — ar") = (a? — x^^)y^; and (same note, 8) from these 
equations, and from the co-ordinates of D, E, and F, we find the 
equations of the perpendiculars through D, F, and E, to be 

x—^x^'^zO, 

Then, by taking x the same in the first and second, and also in the first 
and third, and by taking y also the same, we find the abscissas of the 
mtersections of the perpendicular through D with those through 
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F and E, each equal to ^x", and the ordinates of the same each 
equal to 

whence it appears that the intersections coincide, or that the per- 
pendiculars all pass through the same point. Let this point be O ; 
and, if we take the sum of the squares of BD dx") and DO 



f^^=^.^^^ 



- 4y'> 

Now, if the three sides be put = a, 6, c, we have 

x"=:a, a?'2 + y8=c3, and (a/'— «')' + /«=**, or 

a:"3— 2a/VH-a/2 + y'«=:6», or a^ —2 aa/+c^=zbK Hence, 

4/3 "" 4y'2 

^cl*—2ac^x'+a^x'^ + a^(c^-'X'^)__ c*--2ac^x'+a*c' 
■" J^^s "" 4y^2 

_( c^^2ax'+a^)c^ _h^c\ 

be Quc b ' 

and consequently BO = ^ = ^ = — , 

where A denotes the area of the triangle. This expression being 
alike related to the three sides, it is evident that the same would be 
found for the line drawn from to either of the other angles. 
Hence O is the centre of the circumscribed circle ; and it appears 
that the radius of that circle maj be found bj dividing the continual 
product of the three sides by four times the area. 

255. The equation of a line referred to one system of co-ordinates 
being given, it is often of use to find its equation in relation to an- 
other system. To effect this, let y=:ax+h (Jig. 46) be the equa- 
tion of a line in relation to the axes OB, OC, x and y being the co- 
ordinates of any point P in the line, and the angle BOC being =w; 



• This agrees with what is found in the note to No. Hi, 
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and let it be required to find its equation in relation to the ates 
CyB^ O'C, which are so situated with respect to OB, OC, that OE" 
being parallel to OC, OW^zx" and E"0'=2/'; and that O'S being 
parallel to OB, the angle B'O'S is =^, and C'0'S = tf'. Then, re- 
presenting, O'E', and E'P, the co-ordinates of P in relation to the new 
axes, bj X and Y, and drawing E'R parallel to OB, and E'Q to OC, 
we hare EP or 

2/=ES + SR-l-RP=E"0'+QE'-l-RP (p) 

and jTzzOE^'-f-O^Q + E'R (q) 

But 0'E''=y, and 0E"=j/: and we have also in the triangles 
O'QE', E'RP, 



sinO'QE' : sinQO'E' : 
sinO'QE'isinO'E'Q: 
sinE'RP : sin RET : 
sinE'RP : sinE'PR : 



O'E' : QE', or sin« : sin^ : : X : QE'; 
O'E' : O'Q, or sinw : sin(w_^) : : X : O'Q; 
ET : RP, or sinw : sin^' : : Y : RP; 
E'P : E'R, or sinw : sin(w--tf') : : Y : E'R. 



By means of these analogies we find the values of QE', O'Q, &c.: by 
substituting these again, along with the values of O'E" and OE", in 
(p) and (q), we obtain the values of y and x : and lastly, by substitu- 
ting these values of y and x in the equation yz=ax + b, we get, for 
the required equation, 

, . Xsin^+Ysind' , , XsiuCw — + Ysiu(w — O . . x^^^x 
sinw smw ^ "^ 

This general equation becomes simplified in particular cases. Thus, 
if « = 90°, the denominators disappear. If 0' be in OB, y'= ; if 
in OC, a/=0; and if O' and coincide, x^ and y' are each equal 
to 0. Also, if either of the new axes coincide with the ccnresponding 
original one, or be parallel to it, we shall have the angled, or « — d' 
= 0. 

256. If the co-ordinates be rectangular, and P (Jig, 41) a point 
whose co-ordinates are x and y, we have OP, or, (see note, page 
100) vz=^/ix^ + y'); OE = OPcosPOE, or xzztjcosf; and, in 
like manner, 2/ = t?sinp. Hence, if the origin be taken as pole, the 
polar equation of the straight line whose equation to rectangular co- 
ordinates is yizax + b, will become t? sin ^ = av cos <p + h. In like 
manner, the equation of any line referred to rectangular co-ordinates, 
may be transformed to one for the same line for polar co-ordinates. 
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From the foregoing expressions, since v = V(^' + y')» ^^ got, also, 

X V V 

cosp= — -., and sinp= .. /, — 5-.; whence tanpz=S 

X 

cotf = -, &c., expressions which are of use in finding the equation 

for rectangular co-ordinates from that for p<dar co-ordinates. 

257. If the pole and the origin of the co-ordinates be different 
points, let the co-ordinates of the pole be a/ and y'\ and it would 
appear, in almost the same manner as in the last No., that 

«=t?cosp-t-fl/, and y=:t)sin9 + y'* 

258. If the fixed axis be oblique to the axis of the abscissas, making 
with it a given angle ^, it is easy to see, that the expressions in the 
last two Nos. will still hold true, if p be changed into f + ^. 
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NOTE. 



If any persons should prefer the common mode of defining sines, tangents, 
&c. as lines, instead of mere numbers or ratios, the following, from the former 
editions, may be taken instead of Nos. 2, 6, and 7. 

"2. If a circle be described from the yertex of an angle as centre, the arc 
of it, intercepted between the lines forming the angle, is called the measure of 
ifi/e angle ;% and the angle is said to be an angle of as many degrees^ minutes, 
&c. as there are in the arc. 

"6. The straight line di*awn from one extremity of an arc, perpendicular 
to the diameter, passing through the other extremity, is caUed the sine of that 
arc, or of the angle measured by it ; and the part of the diameter intercepted 
between the sine and the arc is called the versed sine of the ai*c or angle. 
Hence, the sine of an arc is half the chord of its double. 

" 7. If a straight line touch a circle at one extremity of an arc, the part of 
it intercepted between the point of contact and the diameter passing through 
the other extremity, is called the tangent of the arc, or of the angle which it 
measures ; and the straight line drawn from the centre to the remote ex- 
tremity of the tangent, is called the secant of the arc or angle.*' 

With the same view, omit the second paragraph of No. 8 ; and in No. 9, 
omit the multiplier r in rsinA, rcos A, &c. In No. 10, omit throughout the 
division by r, or, which comes to the same, take r-=\. Instead of the first 
paragraph of No. 11, take the following : 

"Putting the arc AF=rA, and the radius =1, we have, firom the similarity 

of the triangles, CGF, CAH, and CDK, P. cos A : 1 : : 1 : sec A; 2°, sin A : 1 : : 

cosecA; 3°, cos A : sin A : : 1 : tan A; 4°, sin A : cos A :; 1 : cot A; 5^ 

tan A : 1 : : 1 : cot A ; &c." Then, formulas 6, 7, and 8, will follow at once 

from Euc. I. 47. 

In No. 13, the expression "the line to which it is proportional,'* which 
occurs twice, may be omitted : and in No. 15, let NO and AO, without divi- 
sion by the radius, be taken as the sine and cosine of the angle BAN. 

The commencing lines of Nos. 19 and 20 may be changed into the fol- 
lowing : 

19. "Let ABC (fig, 7) be a triangle rightangled at C ; from B as centre, 
with any radius, describe the arc DE, and draw its sine DF. Then (Euc. 
VI. 4) AB : AC : : DB : DF, and AB : BC : : DB : BF; that is, AB : AC : : 
1 : sinB, and AB : BC : : 1 : cosB. Hence it appears, that,'* &c. 

20. "Draw also EG the tangent of B. Then, by similar triangles, 
BC : CA : : BE : EG, and BC : BA : : BE ; BG, that is," &c. 

A few other changes of a similar kind may be necessary, but none of them 
will present any difl&culty. 

In Spherical Trigonometiy, the change from the common method has not 
been made, as it would be attended with little advantage ; but should the 
student wish to make it, he will find no difficulty in doing so. 

THE END. 
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